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S E C T I O N  1-1 INTRODUCTION
A grid may be defined as any plane network of inter­
connected beams with an external loading system composed of 
forces* normal to the plane of the network and/or moments 
whose axes lie in this plane. The sketches in figure T-1-1 
show the plan views of a number of possible configurations 
for flat grids.
A grid under a general system of external loads is a 
rigidly jointed structure with all the six possible components 
of internal forces and all the six possible components of 
displacements* present throughout the structure. However, 
the analysis of grids is normally understood to mean, the 
analysis of grids under loads perpendicular to the plane of 
the grid and/or external moments the axes of which lie in 
the plane of the grid. Under such a system of external 
loads, provided that the small deflection theory holds, the 
only internal forces present in the members are bending 
moments, torques and shearing forces and the number of 
degrees of freedom at each joint is limited to three [one 
translation perpendicular to the plane of the grid and two 
components of rotation the axes of which lie in the plane of 
the grid).
The above mentioned type of external loading and the 
validity of the small deflection theory will be presumed 
throughout the thesis.
Throughout the thesis, the word "force" is used to mean a 
force or a moment and the word "displacement" is used to mean 
a translation or a rotation.
PfG. I-I-1
The analysis of grids in the pre-computer days 
was considered to be highly complicated, the main difficulty 
being due to the necessity of dealing with large systems of 
simultaneous equations. The exact number of equations 
involved in the analysis depends on the configuration, 
boundary conditions and the technique of analysis. However, 
for most grids with a reasonably dense layout, the number of 
equations for both flexibility and stiffness methods of 
analysis may be taken to be about three times the number of 
joints and hence the analysis may easily involve the solution 
of hundreds or even thousands of simultaneous equations.
It is not surprising, therefore, that the hand analysis of 
grids was regarded to be extremely difficult.
Nowadays, the situation is quite different, the 
laborious task of lengthy numerical computations may be done 
by an electronic digital computer and the structural analysts 
are able to tackle problems which are far beyond the scope 
of hand computation. Furthermore, many techniques of 
structural analysis have been reformulated to become suitable 
for automatic computation. When analysing a grid by a computer 
the most efficient technique to be used is the "stiffness- 
method”. This technique of structural analysis coupled with 
high-speed large-core digital computers are permitting the 
solution of structural problems that were believed in the 
pre-computer days to be impossible. An example of such 
problems is:
Foæ a pn.<L^c.H.Â.bdd boandan.y c o n d Z t Z o n  a n d  Z o a d Z n g  
w k a t a/LC dZmen-àZon^ the. m c m b a n d  c o n ^ Z g u -
/latZon 0  ^t k d  gh.Zdf t k d  to t a t  w e t g k t  o t k d  g K t d  to be 
m t n t m a m .
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This thesis presents an attempt to find some answers 
to the above question.
It is to be noted that the discussion of this section 
is more or less applicable to any type of structure and this 
will also be found to be true for many other parts of the 
thesis.
SECTION 1-2 F A S T RESEARCH
The study of the effects of the dimensions of the 
members and configuration of a grid on the total weight of 
the grid is a problem which in the past has received little 
attention. The reason may be explained as follows:
A thorough study of the problem involves the analysis 
of a large number of cases and this requires a tremendous 
amount of numerical computation. It is understandable, 
therefore, that in the past the problem under consideration 
was not a popular research subject. Even with a high speed 
computer, the problem remains to be comparatively difficult 
and unrewarding. Consequently, in the past the problem has 
not yet received attention.
There are, nevertheless, a few investigators who 
have challenged the problem and,either bare handed or 
computer-aided, have tried to shed some light on the matter 
(see CÏ“Î3 , C7 ^ - 3 ] jC/-4 ] and [7-5])*. The results of these 
investigations contain some valuable information but they 
are usually based on comparison of the results of no more 
than few solved cases and hence are limited in scope,
*Numbers in square brackets refer to the numbers in the list 
of references given at the end of each chapter.
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SECTION 1-3 BASIC VEhlMITIOMS AMV RELATIONS
The standard stiffness method of structural analysis 
is used either as a means for analysis or as the background 
for discussion in many parts of the thesis. In this section, 
a brief description of stiffness method is used as a medium 
to introduce the basic relations, nomenclatures and 
notation used in the thesis. This brief description of 
the stiffness method is not intended to be a comprehensive 
introduction to the subject, since such introductions are 
included in many text books (for instance see [7-6] and 
[7-7]). The symbols are defined as they first appear.
Consider a linear skeletal structure under a general 
system of loading. Let the terminals of a typical member b 
be at joints Z and j ( j > Z ) » To each member of the 
structure a Cartesian coordinate is allocated which is 
referred to as a ’’member coordinate system” (o-x-ÿ-z in 
figure 7-3-7). For the structure as a whole we define a 
single Cartesian coordinate system which is referred to as 
the ’’frame coordinate system” (o'-x’-^’-z' in figure 7-3-7).
The actual external loads are replaced by a system of 
’’equivalent external loads” which are applied only at joints 
and produce joint displacements identical to those produced 
by the actual loading system. The structure is analysed 
for the equivalent external loading system but the results 
of the analysis may then be easily modified to correspond 
to the actual loading system.
The component of the internal force at the ends Z  
and j of member b, relative to the coordinate system of
12
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the member, form the elements of column vectors P;; and ?.•ytj J4,
which are referred to as ’’member end force vectors”. The 
components of displacement at ends t and j of member b, 
relative to the coordinate system of the member, form the 
element of column vectors d ; j and d ., which are referred to 
as ’’member end displacement vectors”.
The force-displacement relation for member b are 
given by:
 J-3-la,
....... 1-3-lb.
Fhere (K J J ) ^ , (K J 2 ) (3# { ^ 2  J ) ^  and ( < 2 2  ) ^ are the ’’stiffness matrices” 
of the member.
It can be shown that (see [7-6 ] ),
^ ^ i d  b ' ^ b ^ b ^ b  ....1-3-20.,
( K j P  .....l-3-2b,
^ h i h ^ - h » l  ....'-3-2C,
(^22^b~ ^b ...... 7-3-2d.
Where is the ’’equilibrium matrix” of the member and
which is equal to referred to as the ’’basic stiff­
ness matrix” of the member.
Relations 7-3-7, relative to the frame coordinate 
system, may be written in the following form;
n /  + ......
..... 1 - 3 -3b,
Where P ^ y “ ~ ^  b  ^ ‘ * .^-tc,, «..««..7-3-4#,
b ^ b ’ (K^g)b=Tb(Kj2) ^ tJ*. . , eic. . 1-3-4 h,
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is the ’’transformation matrix” by which vectors relative 
to the coordinate system of member b are transformed to the 
frame coordinate system.
The conditions of compatibility, in general, require 
that all the member ends connected to a joint have the sr.me 
components of displacement. Relations 1-3-3, considering 
the conditions of compatibility, will become:
 7-3-5#,
 î-3-5fa.
Where d ’ and d are column vectors the elements of which are the/C j
components of displacement of joints t and / relative to the 
frame coordinate system. d'. and d’. are referred to as/C j
’’joint displacement vectors”.
The components of equivalent external loads at a 
joint t, relative to the frame coordinate system, form the 
elements of a column vector W; which is referred to as a 
’’joint external load vector”.
The conditions of equilibrium at a joint t require
that :
eP' , = Wl  7-3-6.A,
Where the summation extends over all the member ends connected
to the joint. Relations similar to 1-3-6 may be written
for all the joints of the structure giving rise to a system
of simultaneous equations. This system, after being
modified to take account of the constrained degrees of
freedom ( see [7-6],[Î-7]and [7-&]j, may be represented by
the following matrix relation:
Kd=W .....7-3-7,
Where d is the ’’displacement vector of the structure” ,
containing all the joint displacement vectors, W is the
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’’external load vector of the structure” containing all the
joint external load vectors and K is the ’’stiffness matrix
of the structure” which is composed of the stiffness matrices
of all the members. The contribution of a typical member b
/to the stiffness matrix of the structure is shown in figure 
1-3-2.
The system of equations represented by relation 7-3-7 
may be solved to find the joint displacements. Knowing the 
joint displacements, the internal forces at the member ends 
can be obtained from relations similar to 7-3-5,
The above brief description of the standard stiffness 
method is in the most general form and applicable to the 
analysis of any linear skeletal structure. The dimensions of 
the vectors and matrices and the elements of these vectors and 
matrices, however, are different for different structures.
In the case of a general three-dimensional uniform 
member, the vectors associated with members are of dimension 
six and the matrices associated with members are of the order 
of six by six. For a typical member 6, the choice of 
member coordinate system and the notation for different 
components of force and displacement, the basic stiffness 
matrix and the equilibrium matrix for a member, are shown 
in figure 7-3-3. The symbols appearing in figure 7-3-3 
which have not been already defined are described in Table 
7-3-7.
S E C T I O N  1-4 S T R U C T U R A L MODIFICATIONS
Traditional design procedures and optimum design 
methods require a reanalysis after each modification in the 
design variables. Due to high computation costs incurred
16
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in solving large set of linear equations together with normal 
practical requirement of arbitrarily modifying the problem 
during the design period, general treatment of modification 
procedures are necessary to circumvent a complete reanalysis. 
In general, modification procedures can be divided into two 
distinct classes:
(a) EXACT METHODS
(b) APPROXIMATE METHODS
In this section, the important classes of both 
methods are closely examined and, the theorems of structural 
variations, developed in [7-9], are generalised to cover 
all types of structures.
EXACT {^ETHOVS* A major problem that often confronts 
a designer is the manner in which the member forces and the 
displacements throughout a structure change, when one or 
more of its members are varied or totally removed. The 
repeated use of stiffness or flexibility method, to fulfil 
this objective, is cumbersome and time consuming. This is 
particularly so when there are several changes to be made to 
a structure and where a large number of simultaneous equations 
are repeatedly constructed and solved. It is therefore 
necessary to derive explicit relationships that can be 
utilised for the above purpose, thus avoiding altogether the 
repeated analyses of a structure, the topology of which is 
constantly changing.
For the above type of problem, the theorems of
structural variations have been developed in [7-9], These
theorems predict:
( ] ) The forces and the displacements throughout a
structure when the cross-sectional properties
20
of all the members are varied proportionally,
(2) The forces and the displacements throughout a 
structure when the cross-sectional properties
of one or more members are altered independently.
(3) Consequently, theorems (7) and (2) predict the 
forces and the displacements throughout a 
resulting new structure when one or more members 
of a parent structure are totally removed, while 
the cross-sectional properties of the remaining 
members are altered independently.
The theorems are established for linear elastic pin- 
jointed structures (see [7-9]) and recently they are extended 
to rigidly jointed plane structures (see [7-70] ). In both 
cases the concept of flexibility method are used to derive 
explicit expressions to obtain the forces and displacements 
throughout the modified structure.
In the sequal, the concept of stiffness method is 
used to generalise the above theorems for all types of 
structures,
From relations 7-3-7 and 7-3-2,
.
' ^ b V l
-vl ...7-4-7,
Since is a positive definite matrix, then can be 
expressed in the following form:
. , . 7-4-2,
Where is a lower triangular matrix with unit elements on 
the diagonal and, is a diagonal matrix. It is rather 
interesting to note that matrix is independent of the 
cross-sectional properties of typical member b (for detail 
see figure 7-4-7),
r- EAT
V, =
72EI^  
1 ; ^ S J LJ
I2EI
7+25,)L 
■y —
L
EÎ
I---------
0
0
I-- 4
0
f^a =
7 0 0 0 0 0
0 7 0 0 0 0
0 0 7 0 0 0
0 0 0 7 0 0
0 0 L/2 0 7 0
0 -L/2 0 0 0 1
FIG. 7-4"7
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Substituting for from relation 7-4-2 into relation
7-4-7,
on.
. "yy
' ^ -Cj h ^ b
-L
- h ^ b \ ‘-b
'■b^b^lK] T
-1 / d . . ....7-4-3b jA,
Considering that [ H i n u l l  matn,Zxj] is analogeous 
to (P-'+H.P./Mkaff ve,c,ton.j] f then one can interpret each columnX. J 0 JyC
as a member end forces (see figure 7-4-2).of matrix ^ ‘-b
-  L L
Relation 7-4-3, relative to the frame coordinate system 
may be written in the following form:
n i ft-' h h ^ ’b
T
4y'
-h'-fa -h'-b  -----7-4-4.
From this relation it follows that the contribution 
of a typical member 6 to the stiffness matrix of the structure 
can be represented by , where is a rectangular
matrix as shown in figure 7-4-3. Furthermore, the stiffness 
matrix of the structure can be written as follows:
K=zVf^V^vl=VVV^ 7 - 4 - 5 
J  .Where the summation extends over all the members, and I/DI/ is
as shown in figure 7-4-4.
From figures 7-4-7 and 7-4-4 it follows that the
changes in cross-sectional properties of members of a structure
affect only the diagonal matrix D.
Now, suppose that displacement vector is calculated
Tfor a linear structure with stiffness matrix under
external loading system W,
23
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K,do=W,
and let the diagonal matrix V ^ , which contains the cross- 
sectional properties of the members of the structure,be 
modified to , then the stiffness matrix of the modified 
structure is given by and the displacement vector of
the modified structure, say d, is found from the load-dis- 
placement relationship as follows:
i V V ^ / ) c(=W.
TConsidering that is a null matrix, then
CK^ + l/fP ^ -P (,) V^]c(=Cl/  1-4-6.
Now, the interesting point revealed by relation 1-4-6 
is that if the changes in a structure are the cross-sectional 
properties of several members,then the incremental matrix
T1 / )  I/’ can be expressed, eliminating zero diagonal
elements of and the corresponding columns of (/, to form
T Ta reduced incremental matrix vp v =l/(p -p ) 1/ [for detail seemo m o  ^
figure 1 -4-5 ] ,
Substituting for into relation 1-4-6,
premultiplying this relation by  ^ [it is assumed both the 
original and the modified structure are stable),
d + K ' ' = K" ' W ..............1-4-7.
Where I is a unit matrix. Considering that the number of
T -1columns of v is equal to the number of rows of matrix K~
[see figure 1- 4 - 5 ) ^ then one can multiply relation 1-4-7 by
7'V , hence
26
OA.
Considering that the non-zero eigenvalues of 
matrices ÂB and BA are identical for all n x m matrix A and
m X n matrix B(for detail see [7-7 7] ), then the non-zero
" ? T T " Îeigenvalues of matrices (K^ v and \; [ vP^^ ) are
identical. This fact implies that if I + { K ~ ^ v V  } is non- ^ 0 mo
singular, then I+v^ must be nonsingular. Further-
_ 1 Tmore, since %+(Kp vp^^)v is assumed to be nonsingular (see 
how relation 7-4-7 is obtained), then from relation 1-4-8, it 
follows that:
Since the diagonal matrix P^^ is nonsingular (see figure
7-4-5), then
v % ' w .
From relation 7-4-7, 
d=K-’w -
Tsubstituting for (v d] from relation 7-4-9 into the above 
relation,
I f ; ! + '  V) - ’ J k ; 'w,
d = K ' ' w - f C ‘ ' u ( P ' ’ + / k ' '  u ) ’ ’ -----1- 4 - ) 0 .
This relation is the required formula for evaluating 
the displacements of the modified structure. In this formula 
, Kq^ ^ 0  ^^ and  ^W are independent of cross-sectional 
properties, so they are calculated once. The only repeated 
operation is the evaluation of Since
«.7 T  — 7the dimension of matrix K.^  v] depends only on the number
of modified members (rank of member stiffness matrix times the
27
number of modified members), then relation 1-4-10, like all 
other exact methods developed in (C 7 - 72],[ 7 - 73], and [ Î-/4]) , 
is applicable to the situation where a relatively small 
proportion of the structure is modified. In other words, 
relation 1-4-10 is used to find the displacements of the 
modified structure, if the computational time for the solution 
of system of equations 1-4-6 is more than that of the 
evaluation of ( P ~ ^ ^   ^W) .
For the case where the dimension of diagonal matrix 
is one, the matrices v and v [oJt will reduce
to a vector and scalar, respectively. Furthermore, relation 
1-4-10 becomes:
J ,
d-C; W - . _ . C; V  t-4-11.
TThis relation shows that the incremental matrix (v
T — 7being vector) in causes the incremental vector [ -v fC~ W/
+  ^^ 1 ] [Rç ^ ) in . Considering this fact, the
following algorithm is developed to find the displacements of 
the modified structure where the dimension of the matrix Pmo
is  ^7.
Let and P^ represent the i.th column of the matrix 
 ^and the ^th diagonal element of matrix P^^, respectively, 
and assume that:
 I - 4 - 12a,
 l - 4 - 1 2 b ,
^0/L l = l , 2 , , . . , n + 1 ,a n d  j - d , 7,.. . , 7.
Where and From relations 1-4-12 it follows that
28
and
<L— I
K^x ( n+ 7 ) l n + 1 } 7 ^
These relations imply that Furthermore, since
j=Vj ,
then considering relation 7-4-77,it follows that:
’^ u ^ n r h - r j  -
X. X. X,-I X.
Substituting for K. ,v,=%.. and Kl',v,=%,. (see relation 
7-4-72b) into the above relation,
. . . . . . 1 - 4 - M .
X, X, X.X.TPremultiplying this relation by
J . X . .
 I-4-/4 ,
/Ù /t,
where k = 7,2,,..,%. Letting X . .= P relation 7-4-7 4T< K K X.J
can be expressed as follows:
^Zx./"K(Z+7)j v^i o-f+n-7,X. X
OA,
K { i + i ) p K i j  ~ ' i H i i i Lââ  1-4-15.
This relation for k=X becomes:
i;;
O K
^ l U ^ - D j  = — i i i -    1-4-16.
’ " h z z
29
Furthermore, considering that;
then relation 1-4-13 may be written as:
’^ u - ' - D j ^ ^ - i j ' h i i + n j  ^1 1  1-4-Î7.
The evaluation of this relation for X=7,2,...,% and / =t, /. + 7 ,
. . . , % + 7  will give rise to the (for detail see
algorithm 7-4-7), It should be mentioned that and
i 7 /=P for K = 7,2,...,% and j = k , ic + 7, . . ., 7 are
presumed to be known. To this end, the interpretation of 
factors in terms of member end forces of original structure
is given in figure 7-4-6. Considering this figure, it can be 
shown that if % =7 , then algorithm 1-4-1 represents the 
explicit expression derived in [7-9].
APPROXIMATION METHOPS. The approximate methods are generally 
preferable when modification are to be introduced, throughout 
a large part of the structure. Two important approximate
methods are briefly discussed in the sequel.
(7 ) A popular approximate method is the process of 
successive approximations. By this process of successive 
approximations is meant the following iterative process.
The system of equations 7-4-7 can be written in the 
form: _, M)d=dp,
O K  ,
Where M=vP^pV^ andd^=/(^^W, Furthermore, the successive 
approximations are computed by the formula
^OK K = 7,2,............... 1-4-18,
Where d . 7 and d are successive estimates of d and d,=d^.K+/ K 1 0
A L G O R I T H M  1-4-1
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[ 1 ) n .-1{2) X,y = Kg
^Kiy=V^I/ 
(4) T,= 1
ioft j = 1,2 , . , , ,n+1, 
Uo/i K = 7 ,2 ,
I j  = K,K + 1 ,  , . , f n + h
f=K I
(X+ 7 )
j+i+y
j^n+1
T E S T  j
j>n + 1
K + J-)-K
K3 M
T E S T  K
K> n
y=;
*(^+7)y^*^y
y+7+y
TEST y 
ys%+7 j>n+1
TEST X
/C>Kl ------  FINISH-
N O T E :  The. s y m b o l  "
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The last term in relation 1-4-'IS need not generally be 
evaluated by matrix multiplication, but would be constructed 
element by element, considering only those elements which 
have been modified. Matrix is triangularized once only
Tin the form U U=K^ ( U is upper triangular matrix), and 
successive cycles of the iteration then require only reduction
and back substitution of the right hand side.
Strictly speaking, when the above procedure is 
employed to estimate the displacement vector d, there are 
cases in which convergence is poor or not possible. There­
fore, this method is used only for the cases in which the
change in feature variables are relatively small. However, 
in Chapter Four, a criterion is suggested to guarantee the 
convergence of the successive approximations for the cases 
in which the change in feature variables are only the cross- 
sectional properties.
(2 ) The approximate method discussed below, utilize 
the concept of matrix and vector norms to define a number of 
rules for extrapolation (or interpolation) of the values of 
forces and displacements when some features of the structure 
are variable. This method is developed in [7-7 5] and the 
validity of the method is checked for estimate of forces and 
displacements of a number of diagonal grids, with varying 
torsional or shearing rigidities. The results show that the 
correlation between analytical and estimated values are 
remarkable. Furthermore, since the basic relation is not 
restricted for the diagonal grid, therefore it is suggested 
that for a linear structure with varying features, the 
estimate of forces and displacements could be obtained 
through the following steps;
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(STEP J) The vector and matrix norm is defined to find
inequalities containing the ratio and
variables representing the changing features of the 
structure [i.e. feature variables). Where and d^^ 
are the ^th component of displacement of the 
modified and original structure,respectively.
(STEP 2) A postulate is devoted to find equations expressing 
the displacements in terms of feature variables and 
a number of constants. These equations are in the 
form:
d y  —  Zo  ,.,.,.,7-4-79.
Where Æ , and are vectors containing the constants 
and is a diagonal matrix containing the feature 
variables.
(STEP 3) The force-displacement relations are used to express 
the internal forces in terms of feature variables 
and constants.
(STEP 4} The structure is analysed for a number of basic cases 
to evaluate the constants of the equations derived in 
STEP 2 and 3,
The above account of the method is, of course, no more 
than a general guide and for each particular application a 
detailed formulation is required. In each case, however, the 
main question to be answered is whether, for the class of 
problem under consideration the relation 7-4-7 9could be used 
to obtain reliable results.
In Chapter Three the above idea is extended and 
theorems are established to go some way towards answering the 
above question in relation with different types of structures.
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S E C T I O N  2-1 I N T R O V U C T I O N
This chapter contains the results of the analysis 
of a large number of grids. The analysis is carried out 
on a digital computer and a program is developed for this 
purpose. The reasons for analysing the grids are:
(a) To study the effects of the dimensions of the 
members and the configurations of the grid on the 
total weight of the grid.
(6 } To provide a basis for checking the reliability 
of the relations developed in the next Chapter,
The results of the analysis can also be used as a 
collection of solved cases for minimum weight design of 
grids or can serve as a basis for some further research 
projects.
The grids are chosen to have commonly used layout 
with torsional rigidities and shearing rigidities of the 
members being zero and infinite respectively.
S E C T I O N 2-2 THE i/OLUME Of MATERIAL
The members of a flat grid essentially work as beams 
and thus the most important type of rigidity in a grid is the 
bending rigidity. There are, however, another two kinds 
of rigidity, namely, torsional and shearing rigidities that 
influence the behaviour and this influence in some cases is 
quite appreciable ( for detailed information see [2-7 ]).
In spite of all this influence, for simplicity in this work, 
the torsional and shearing rigidities are assumed to be zero 
and infinite, respectively. Under this assumption, the 
concept of "bending efficiency factor" defined in [2 - 2  ],- 
which provides a convenient means for quantitative assessment
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of the efficiency of cross-sectional shapes in connection with 
normal stresses due to bending moment, is used to obtain the 
volume of material" of a grid with the members having the 
same bending efficiency of cross-sectional shape in bending.
Consider a beam with a straight longitudinal axis and 
a constant cross-section and assume that the material of the 
beam is linearly elastic. Let the longitudinal axis be 
denoted by x and let y and z represent the centroidal 
principal axes of the cross section, figure 2-2-1. Assuming 
that the external loading system consists of two equal and 
opposing moments M that act in the x-z plane and are applied 
to the terminal cross-sections of the beam.
Under these conditions, the maximum tensile and 
compressive stresses respectively, are given by,
Oy. -y . . . . 2- 2-Icl,
,.,,2-2-76,
where I is the second moment of area of the cross-section 
about {/-axis and and are as shown in figure 2 -2 -2 . 
Assuming that the conventional elastic method is to be 
employed for the design of the beam, it would be necessary 
to ensure that the maximum stresses given by equations 2-2-7 
do not exceed the corresponding working stresses. For some 
structural materials such as mild steel the working stresses 
in tension and compression are the same but this is not of 
general applicability. To cater for all possibilities, let 
it be assumed that the working stresses in tension and 
compression are different and are given by anda^ ^^ , 
respectively. The governing design condition thus becomes:
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compK^^^A,on zono.
t i^vi>Æ.on zone.
— i-
F%G. 2-Z-Z
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 ^M , _ Mt ïï ~ T ~    Z-2 -2 a,
. M , . M°wc T c ïï ~ T ~    2-2-26.
Where H is the overall depth of the cross-section.
Considering that the second moment of area with 
respect to any axis in its plane is equal to the second 
moment of area with respect to a parallel centroidal axis 
plus the product of the area and the square of the distance 
between the two axes, then
O/L
I   2-2-3.
Where and A are the second moment of area of the cross- 
section with respect to t:-axis [see figure 2 -2 -2) and cross- 
sectional area, respectively. From relation 2-2-3,
I . h  4'^ _ h  _ ^ïï^'ïïpr" Tçr “ïïpr nr
......  2-2-4.
The I^ and are defined, respectively, by the integrals 
[see figure 2 -2 -2)
I^= It^dA   2-2-50.
an d
, Jt dA .     2-2-56.n r "
Where integration is extended over the cross-section. From
relations 2-2-4 and 2-2-5, it follows that:
I Ji^dA JtdA ]{t/H)^dA J(t/ H ) d A
T Ç H  " ÏÏTÏ3X ■ “ÏÏX " ^ j j r r w r n K  ja7t~’
Letting . i ( t ^   ^ then
 2- 2-6 .
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It is important to note that is a factor and is a function 
of the ratio between different dimensions of the cross- 
section but is quite independent of the actual dimension 
of the cross-section. If, for instance, the cross-section 
is enlarged or reduced photographically, the value of 
would not be affected. In other words, is a function of 
the "shape" of the cross-section.
Furthermore, in the same way, it can be shown that 
is also a linear function of the cross-section, so 
that, one can write,
— ' =z £ A ,.,,.2-2-7.
c
Where analogeous to From relations 2-2-2,2-2-6 and
2-2-7, it follows that;
M 1
“ ÏÏ  2-2~Sa,
a > M ^we - H  2-2-Sb.
Let the ratio to be denoted by X. That is
A=  2-2-9.wc.
For convenience, relation 2-2-Sb is multiplied by X 
,  ^M X _ M 1ÏÏ ■ ÏÏ (i^yxTS ....... 2 -2 - 1 0 ,
and conditions 2 -2 -Sa and 2 -2 -/O are represented by a single
relation
A . - “a 7^^    2-2-7 7 .
Where  ^ is equal to either or ti)^ /X), whichever is the 
larger. Relation 2-2-7 7 which is an expression of the 
governing design condition provides a convenient means for
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investigating the manner in which the cross sectional area 
may be minimised.
Considering the terms on the right hand side of 
relation 2-2-11, the bending moment M and the tensile working 
stress are obviously prescribed in any given problem
and they should be regarded as constants. Also as far as H 
is concerned, the designer has little to play with. The 
choice of the overall depth of a beam is normally governed 
by many other factors besides efficiency in relation to 
bending stress, and the designer would usually choose it to 
be as large as the other factors allow. Consequently, 
the problem of minimization of the cross-sectional area, 
which is equivalent to the minimization of material consump­
tion, would effectively reduce to the problem of maximization 
of ^. Stated differently,^ is a measure of the efficiency 
of cross-section shapes for resisting bending stresses.
However, in choosing a coefficient to represent the efficiency of 
cross-sectional shapes, it is advantageous to work in terms 
of a simple function of rather than {, itself. This simple 
function is referred to as the "bending efficiency factor" 
in C 2 -2], and is given by-
& =(7+X) 6 .....2-2-72,
or, in view of / and / ,
C. = ( 7 +X )
e l!c  2-2-J3,
U)kZckQ,V2,K t k n  tan.Q(L^t^ 
and the governing design condition, in terms of the bending
efficiency factor would become,
A > 7+x)M “  2-2-14,
The properties of  ^ referred to above are shared by g. but ^
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has the advantage of possessing convenient limiting values.
The limiting values of the bending efficiency factor are 
zero and unity, corresponding to the least efficient and most 
efficient cross-sectional shapes, respectively. This may be 
proved as follows;
The most economical shape of cross-section for a beam in 
pure bending would be of the form shown in figure 2-2-3. Where 
the thickness of the top part and that of the bottom part as 
well as the thickness of the vertical part approach zero and 
top and bottom part are of infinite extent, and where the 
distribution of the area between the top and bottom parts is as 
shown in figure 2-2-3, The bending efficiency factor for this 
cross-section, in view of relation 2-2-7 3, is found as follows;
o X A X Aé ^ . ï U / H r d A  _ n t / H ) d A  ^ I T x _ TTxjmrrfZA — tâ ~ r  "ttxT+x
and in the same way, is found to be
é. = ''c TTx 
it follows that c=7.
The least economical cross-sectional shape, on the other 
hand, is as shown in figure 2-2-4. Where the whole of the area 
is placed along a horizontal line of infinite extent at the 
middle and the area of the vertical part tends to zero. The 
bending efficiency factor for this idealised cross-section is 
found to be equal to zero. ^
The shapes illustrated in figures 2-2-3 and 2-2-4 cannot 
possibly be realised in a physical sense. However, they serve 
to indicate the upper and lower limits between which the 
bending efficiency factor for any cross-sectional shape must 
lie,
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The bending efficiency factor provides a convenient yard­
stick for quantitative assessment of efficiency of cross-sectional 
shapes for resisting bending stresses. Thus, in a context rel­
ated to the efficiency in connection with bending stresses, instead 
of a statement such as is a better cross-sectional shape than
Sg " one may, for instance, state that "bending efficiency factors for
\Sj and Sg are 0.5 and 0,45, respectively". By this, not only 
the fact that is the better of the two cross-sectional shapes 
is implied but also the degree by which it is better is specified 
and in addition the positions of both and Sg in relation to 
the limits of efficiency are indicated.
Certain transformations of a cross-section, referred to as 
"invariant transformations", have the property of leaving the 
bending efficiency factor unchanged. It is easy to verify that 
the following operations are invariant transformations.
(7) Multiplication of all the horizontal dimensions of a 
cross-section by a constant factor.
(2) Multiplication of all the vertical dimensions of a 
cross-section by a constant factor,
(3) Reflection of a cross-section about a vertical axis.
Where it is assumed that the centroidal principal axes of the 
cross-section correspond to the horizontal and vertical dire­
ctions and that the plane of bending is vertical. It is also 
assumed that both the original and the transformed cross-sections 
are associated with the same material and thus the value of X
is not affected by the transformation.
As an example of the application of invariant trans­
formation, consider the cross-sectional shapes shown in 
figures 2-2-5. Figure 2-2-56 is obtained from figure 2-2-5a 
by the first invariant transformation, figure 2 -2 -5c is 
the result of the second invariant transformation on
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figure 2-2-5a and figure 2 - 2 - 5 d is derived by applying 
the third invariant transformation to figure 2-2-5c.
Invariant transformations are not limited to the 
ones referred to above and it is possible to list a number 
of other such transformations. Furthermore, any combin­
ation of invariant transformations would itself be an in­
variant transformation. For instance, the combination of 
the first and the second invariant transformations, with 
the same constant factor, results in photographic enlarge­
ment or reduction which is an invariant transformation.
The usefulness of invariant transformation is due 
to the fact that they may be employed to deduce information 
regarding the bending efficiency of a cross-sectional shape 
from known results for other cross-sectional shapes. For 
instance, from a consideration of the first or the second 
invariant transformation, it follows that solid elliptic 
cross-sections of all description have the same bending 
efficiency factor which is equal to that for a solid 
circular cross-section.
Now, assuming that the members of a grid work as 
beams and only bending rigidity is considered to design the 
members of the grid, then from invariant transformations, 
it follows that one may design the members of the grid with 
the same desired bending efficiency factor but with different 
cross-sectional area governing the design condition given by 
relation 2-2-7 7. The advantages of designing the members 
of a grid with the same bending efficiency factor, is that, 
firstly, the desired degree of bending efficiency factor is 
achieved, secondly, under this assumption the design condition 
is simply expressed in terms of cross-sectional area. In
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what follows, it is assumed that all the members of a grid 
have the same bending efficiency factor. In this case, the 
volume of the material used in a grid is obtained as follows;
Let and represent the cross-sectional area,
second moment of area and overall depth of the cross-section 
of a typical member b, respectively.
Now assuming that the cross-section is doubly 
symmetric and X = J ,then it follows that ;
and from relations 2-2-6 and 2-2-7,
h  , ,
“fa fa
Oh.
Ah=(-|- II,  2-2-15.
K b h
Where is a analogeous to  ^ in the case of typical member b. 
Relation 2-2-75 implies that if,H^ and are considered as 
a constant value, then will be a linear function of I^.
For primary design of a grid an arbitrary value for 
should be assigned and internal forces should be calculated. 
The maximum bending moment of the typical member b found in 
this manner does not necessarily satisfy the design condition, 
In order to satisfy this condition the second moment of area 
of all members of the grid are multiplied by a non-zero 
factor 3. This does not alter the internal forces in the 
members, but the cross-sectional areas, regarding the 
relation 2 -2 -75 , are multiplied by 3 , thus the design 
condition becomes (see relation 2-2-77):
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Where is the maximum bending moment o£ the typical 
member b. Furthermore, assuming that the members are to 
be designed such that at least in one member the maximum 
tensile or the maximum compressive stress or both reach 
the corresponding working stresses, then the value of 6 ,
from relation 2-2-76, is found to be equal to the maximum
hvalue of the ratio ^b among all the members of the
grid.
This may be represented by;
M.
where and Fis the common i factor of the members.
Consequently, the required cross-sectional area of the 
typical member b is and the total value of the material
of the grid is given by:
v=E3Abt^ = gzAbLb ,
M,
^\^b........... .....2-2^77.
Where L^  is the length of the typical member b and the 
summation extends over all the members of the grid. From 
relations 2-2-77 and 2-2-75, it follows that :
^b 2v=ittax (----------  |Z[ l-rA-l 1^] l-f, .
I I,V =— —p ïïicLxi -CT— Hi )e [—^ ] Li.................. .... 2-2-7 &,
b^ ° ^b
This relation is the required volume of the material of the 
grid.
Considering that a grid is consisting of the inner
members with second moment area overall depth of cross-
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section and the total length of the members and
the edge members with the second moment area Ï and overall 
depth H and the total length of members , then the 
relation 2 - 2 - 1 S is reduced to:
1 M I IV = ~ — • mcix. (-a—  H , —=—  H1 (— ^ L .  ^L) ,,,,.,,2-2-79°wF '■o ° Hg "I &
Where and M are the maximum bending moments in the inner 
and edge members, respectively. Furthermore, assuming that 
P is the total load applied to the grid and L is the width 
of the grid, relation 2-2-7 9 may be written as follows:
0
Oh.
2 - 2 - 2 0 .
Equation 2- 2-20 provides a convenient means for
investigating the manner in which the volume of the
material can be minimized.
Considering the term of the right hand side of
p requation 2 -2 - 2 0  the ratio -—  is obviously prescribed in
lA)
any given problem and it should be regarded as constant.
Also as far as 77^ and F is concerned, they are normally
governed by many other factors besides efficiency in
relation to bending stress allow. Consequently, letting 
PL ^V o ” a"T77 ' the problem of minimization of the volume of 
the material , would effectively reduce to the minimization 
of v / . Stating differently, v/v is a measure of 
efficiency of grid layout for resisting the given external 
load, boundary and boundary condition.
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S E C T I O N  2-3 T H E PROGRAM
This section contains a description of the computer 
program by which all the structures considered in this thesis 
are analysed and the results are plotted.
The program can be divided into three parts. Part 
one is the analysis of the structures with joints having 
three degrees of freedom, which is similar to the work of 
the pioneers in this field(see[2 '-3 ],C2 -»4 ]and[2 ~5J)and is based on a 
straight forward use of the standard stiffness method.
Part two is the automatic data preparation which is based 
on the theory of formices introduced in C2-6] . Part three 
consists of the graphical representation of the results.
The program is designed to analyse all common types 
of flat grids pin-jointed space structures and rigidly 
jointed plane frames with an arbitrary boundary condition 
and under any kind of external loading. The scope of the 
program,however, is limited to elastic analysis subjected to 
all the usual assumptions of linear structural analysis.
To reduce the amount of data, many frequently needed 
sets of information are built into the program and pre­
assigned code numbers are used to refer to them. These 
include information about type of the structure, topology, 
constraints and loads.
The member stiffness matrices used in the program 
are those described in S E C T I O N  1-3, The member stiffness 
matrices are modified by cutting out the rows and columns 
corresponding to the constraints before planting them into 
the stiffness matrix of the structure. Therefore, when 
the stiffness matrix of the structure is formed the 
necessary modification for the constraints have already 
taken place.
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Two types of external loading can be considered*
(cl) Vertical point loads at joints.
(b) Uniformly distributed load covering the whole 
or part of the surface of the structure.
In the case of uniformly distributed load, it is assumed 
that the share of each inner, boundary (not including the 
corners) and corner joints are vertical point load P,P/2 
and P/4, respectively, where P is found such that the total 
point loads at joints to be equivalent to the total distri­
buted load. Figure 2-3-7 represent the plan of a part of 
a structure under uniformally distributed load and the 
assumed share of loads for some of the joints are indicated 
by shaded areas.
If a structure has a symmetrical layout and if the 
loading is also symmetric, the following technique is 
developed to simplify the analysis.
Consider a structure and allocate an arbitrary 
Cartesian coordinate system to each joint (see figure 2 -3 - 2  ). 
These coordinates will hereafter be referred to as the joint 
coordinate systems.
Let T ^ I o a. T j ) denote the transformation matrix by 
which vectors related to the coordinate system of a typical 
member b are transformed to the 1 t h l o A  jth) joint coordinate 
system. Relation I-3-1 a relative to the 1 t h joint co­
ordinate system may be written in the following form :
L  n h ^ j v
Since T.^T. = I, then
......2-3-7a,
in the same way relation 1-3-1b is written in the form :
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Relations 2-3-1 are in fact the conditions of equilibrium and 
compatibility for the typical member b and elements of 
vectors [T.d.y) and (f/d..) are the components of displace-/C j j /L
ment of joints t and j relative to the joint coordinate 
systems.
The components of equivalent external loads at a 
joint relative to the -cth joint coordinate system form 
the joint external load vector the conditions of equili­
brium at joint t require that :
^ f V . c y >  ......... z-s-Z'
Where the summation extends over all the member ends 
connected to the joint. Considering relation 2-3-2 for 
all the joints of the structure and taking account of the 
constrained degrees of freedom, an equation similar to
1-3-7 will be obtained. This equation is solved to find 
the joint displacements relative to joint coordinate systems. 
Knowing the joint displacements, the internal forces at the 
member ends can be found from the relations 1-3-1 as follows:
fy^='K2,lb d'V.cy>^f«2;>f,7-y(Ty<iy^).
One of the important applications of the above results is in 
the analysis of symmetric structures. For each plane of 
symmetry, the structure is cut along the plane and the 
displacement of each cut joint against the plane is constr­
ained (In the case when the plane of symmetry passes through 
the middle of a member, a fictitious joint is defined there). 
Then, the concentrated load (if any) applied to each cut
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joint is halved and the procedure is repeated for all the 
planes of symmetry. The full set of forces and displace­
ments may then be obtained by analysing a portion contain­
ing (-^Ithof the structure. Where n is the number of the 
planes of symmetry (see figure 2 -3 -3).
In order to minimise the amount of effort and to reduce 
the possibility of making errors in the preparation of the 
data required for the program, which consists of information 
about ;
(a.) topological properties of the structure, i.e. the manner 
in which the members are combined to constitute the 
structure,
(6 ) geometrical properties of the members, i.e., cross- 
sectional properties, length and orientation of the 
members,
(c) kinematical characteristics of the joints, i.e. degree 
of freedom and constraints at joint, 
it was most desirable to adopt a method of automatic data 
preparation and handling data. This problem is achieved as 
described in the sequal.
The mathematical system defined in [ 2-6], which provides 
a convenient means for algebraic representation and process­
ing of structural configurations, is employed to generate the 
above information. This mathematical system consists of 
three abstract objects referred to as signets, monads and 
formices together with certain definitions that give rise to 
a number of rules for manipulation of these objects.
The idea is that one starts by representing the basic 
information related to the set up of a structural system by a 
few formices of small order and then generates further
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information by operating on these formices.
Due to the regularity of the practical structures, the 
above idea is achieved by constructing the formex functions in 
an analogous manner to the ordinary algebra and then 
operating them on the formices of the basic repeated pattern 
of the structure.
Four basic formex functions referred to as "transi-, 
ational, rotational, reflectional and projectional" functions 
have been established in [2-6], However, for the structures 
analysed throughout this thesis, a combination of two trans­
lational functions referred to as "general planar translational" 
function, is found more suitable and easily applicable.
Thus a subroutine referred to as "KEY" is written to generate 
the formex of a series of general planar translational 
function of a given formex. Furthermore, the required 
structural data are generated as described in the following 
steps.
[ STEP J ] An integer coordinate is considered and then the 
topological model of the structure is represented 
on this coordinate system such that for each 
joint of the structure a distinct positive non­
zero integer number can be assigned (see figure 
2 ~ 3 - 4 cO »
(STEP 2} The general planar translational function is used
to generate the integer coordinates of the joints.
The joints are then numbered in the same sequence 
of their generation (see figure 2 - 3 - 4 b),
(STEP 3] The joint numbers are replaced in a matrix Jsuch
that the position of an element of matrix J contains 
a joint number corresponding to the integer co-
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ordinates of that joint [see figure 2-3-4e),
(STEP 4) The general planar translational function is used 
to generate the integer coordinates of both ends 
of typical members. Since the integer coordinates 
of each end specify the position of an element in 
matrix J and it contains the joint number of that 
end, therefore, the member list of the typical 
members are obtained. This step is repeated for 
all member types to obtain the complete member list. 
Furthermore, the general planar translational 
function is used to generate the integer coordinates 
of the loaded and constrained joints, and then 
considering the property of the matrix J the const­
raint list and loading list is also found.
[STEP 5} From the integer coordinates of the joints and
geometric information, the actual coordinates of 
the structure is obtained,
S E C T I O N  2-4 TH E A N A L Y T I C A L  R E S U L T S
This section is concerned with the presentation of the 
results of the analysis of a large number of grids.
The grids layout, boundary conditions and types of 
external loading were selected with care; and what follows 
is a description of the cases considered with an attempt to 
justify the choices.
First of all, it was necessary to select a number of 
commonly used grid layouts and the question was whether to 
choose the layouts to have various shapes of boundaries or 
to concentrate on a few family of boundary shapes. The 
danger of adopting the former was that it could have resulted
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in a number of isolated pieces of information with the 
general pattern of behaviour remaining obscure; and the 
disadvantage of the latter suggestion was that the scope of 
the work would have been limited. It was,however,preferred 
to adopt the second suggestion, whereby to obtain more 
reliable information about a few family of grids rather than 
having scattered pieces of information connected together by 
guess work. Three families of grids with square boundaries
and five families of grids with two types of rectangular 
boundaries (the ratio, length of boundary/width of boundary 
being 4/3 and 2) were chosen for investigation (see figure
2-4-1), which are known to be very much used in practice.
All together 85 layouts were selected and are shown in figure
2-4-Î,
Each of the layouts was to be analysed with a number of 
various boundary conditions and between many different possi­
bilities the following two types were selected.
The four corner joints are restricted from translation 
but can rotate freely. This type of boundary condition 
will hereafter be referred to by letter F . In the case 
of rectangular boundary with ratio of length/width=2 , at 
the middle of each longer side of the boundary an extra 
joint is restricted as corner joints, and the letter F , 
in this case, is changed to S.
[b] The four corner joints and four middle joints of the
boundary sides are restricted from translation but can 
rotate freely. This type of boundary condition will 
hereafter be referred to by the letter E . In the case 
of rectangular boundary with ratio length/width=2, at 
each longer side two extra joints are restricted as
58
\7S7g
>
S3
FA'IILVB
FAMUy'C"CSŒ2E33SECT
/z
R/
1
/ \ 3/\ AK> \7\ / \ / \ 3n=6,&,...,24
aEv>.fisn£CESF-V‘Il.\'"p"
/ f _\lZ
\ / T \ \\
n—o,o,,,,,/Ô%=6, 9,. , 1 —  -a F/"TLy"[„
n o . 2-4-}n-rTnj * ia»=i M
59
corner joints and the letter E is changed to T.
Of course, none of these boundary conditions can ever 
be fully realised in practice, because they require complete 
constraints and perfect degrees of freedom at the supports, 
neither of which can ever be achieved since they require 
frictionless guides. The practical cases, however, will lie 
somewhere close to the limiting cases considered.
The next step was the choice of the external loading. 
Obviously, it was not practical to consider all the possible 
types of loading and only a few important types had to be 
selected. An unfortunate restriction was that the loads 
had to be symmetrical because otherwise the demand on the 
computation time and the storage requirements in the computer 
could not have been met. Of course, the symmetry of loading 
was of any help if the layouts and boundary conditions were 
also symmetrical but these were already chosen to be so. It
may be argued that at least a few unsymmetrical cases could
have been considered but this was against the general policy 
of tracing the general patterns of behaviour rather than 
obtaining solutions for isolated cases.
Between the symmetrical types of loading the following 
two seemed to be the obvious choices.
(a) Uniformly distributed loads over the whole surface 
of the grid. This type of loading will hereafter be 
denoted by the letter U .
(b) A single concentrated vertical load applied to the 
central joint (if the centre point is not a joint then
the load is divided to the nearest joints to the centre
point), This type of loading will hereafter be denoted 
by C.
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These two were the only types of external loading considered.
Summarizing, there were 85 different layouts, each one 
of which was considered with two different boundary conditions 
C FCoî'5 ) and E (or T) as described earlier) and each one of 
the resulting 170 grids was analysed for two types of 
external load ( U and C as explained above).
Strictly speaking if the material cost is the only 
criterion of design then the relation 1 - 1- 18 should be taken 
as an objective function. In reality, however, it is 
possible to reduce the cost by grouping the members together 
so that several members of a group are manufactured out of 
the same cross-section. In the case of flat grids with 
assumed boundary conditions, practically, it is more economi­
cal to make the inner members out of one cross-section and 
edge members out of another. Therefore, it was decided 
that all the grids considered should have this property.
The cases are identified by case numbers of the form 
a-focde., where a. is the number of divisions along the width 
of the grid and 6,c,d and & denote the family of the grid, 
boundary shape, boundary condition and type of the external 
loading, respectively. For example, 6 - BR F C is the case 
number for a grid with a configuration similar to family of 
the grid B (see figure 2-4-2') with 6 bays along the width, 
rectangular boundary shape, four supports at corners, and 
under a concentrated central load. Each one of the above 
mentioned 320 cases was analysed for 2 70 different modes, 
the variation being in the ratio I/I^ only. Then for each 
one of the 2 7 0 modes, the ratio v/v^ corresponding to the 7 6 
different values of H w a s  obtained. Altogether, 56,000 
grids were analysed.
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The program described in S E C T I O N g-g was used to analyse 
all the cases and to plot the Sk&&t6" given in
Appendix ( n  . Each-one of these data design sheets represent 
the ratio of v/v^ for all the 2 70 variations of I/I^ and the 
7 6 variations of ratio In addition to the case number
given in each one of the design sheets, there is a small
sketch at the bottom left corner which illustrates the layout, 
the boundary condition and the type of loading of the case 
under consideration. The legend used in these sketches is 
described in figure 2-4-2,
In all cases considered, the contour levels of H/ 
were plotted in coordinate system with axes referred to as 
"RATIO I/Iç and RATIO v/v^". For a better representation 
of the contour levels of H/ H^ and quite distinguishable, 
within the accuracy of the drawing, the contour levels of 
H/Hp=0.6,7.0,7.5,2.0,2.5,3.0,3.5,4.0 and H / H ^ = 4 , 0 , 6 , 0 , 8 , 0 ,
12 , 0, 1 6 , 0 f 20 , 0, 30 , 0, 40 , 0 were plotted in two different co­
ordinate systems separately. To ease the comparison between 
different cases the minimum value of each one of contour 
levels related to was marked by a small circle and the
coordinates of these points were tabulated in the right hand 
side of the corresponding contour levels of Further­
more, four symbols, M, ^  and gg in these tables were placed 
to mean as follows;
XI The maximum bending stress, in the grid, occurs at edge 
members.
J The maximum bending stress, in the grid, occurs at edge 
members and the difference of the maximum bending stress 
of edge and inner member are less than 2%. 
j The maximum bending stress, in the grid, occurs at inner
members.
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The maximum bending stress, in the grid, occurs at inner 
members and the difference of the maximum bending stress 
of inner and edge members are less than 2%.
The significance of these symbols is that, having I/I^,
H a n d  v/Vp,the maximum bending moment of edge/inner 
members are calculated by regarding the relation 2-2-20.
It may be noticed that for the cases with a central 
concentrated load the contour levels of , 6 , 1 , 0 , 1 , 5 are
replaced,by the contour levels of H / H ^ = 0 , 2 ,0 , 4 , 1 . 0 , The 
reason is that in these cases there exist an absolute minimum 
for the ratio v / v ^ a t  about contour levels H / H ^ = 0 , 4 a n d  N / H -  
1.0 (see figure 2-4-2).
The analytical results presented in Appendix { 1]are 
thoroughly examined in the last chapter and some interesting 
conclusions are reached. The intermediate results are also 
used in the next chapter to check the validity of certain 
proposed relations.
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SECTION 3-7 INTROVUCTION
• This chapter is devoted to the development of a techni­
que , the main function of which is to define a number of 
rules for extrapolation (or interpolation) of the values of 
forces and displacements in a linear structure when some 
features of the structure are variable.
The technique employs the concepts of norm and limit 
of vectors and matrices which is widely used in disciplines 
such as numerical analysis and error analysis.
The main part of this chapter is concerned with the 
application of the suggested technique to the case of flat 
grids with varying bending rigidities. The basic idea,
however, is independent of the type of structure and can be 
further developed to cover a wide range of structural problems.
SECTION 3-2 NORMS ANV LIMITS
When dealing with vectors and matrices, it is some­
times convenient to have a scalar function which, in some 
sense, represents the magnitude of a vector or a matrix.
The notion of vector and matrix norms has been devised to 
provide for this need.
The concepts of norm and limit are not yet considered 
to be a matter for engineering mathematics. It was thought 
appropriate, therefore, to include a brief description of 
these mathematical objects before utilising them and the rest 
of this section is devoted to this purpose (for detailed 
treatment of vector and matrix norms see [3-7],[3-2] and 
[3-3]), In what follows % and y denote column vectors, A and 
B denote square matrices, a denotes any real scalar, |a| 
denotes the absolute value of a, and n denotes the dimension
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of a vector or the order of a square matrix.
DEFINITION U. Any Amt-vaZadd {^[inatdon oi the, compondnt x Zd a noAm 
X [dmoZdd by | x | ) pAovZddd that:
IIX I > 0 unZed6 x id a nuZZ vdcitoA Zn atfiZaft aodd |x| =o ,,,., 3-2-la,
llaxll= I a I . I X II
1 X+y I S I X I + 1 1/ I 
From relation 3-2-1 c. it is deduced that 
II X II = I x-ij*y I S I x-ÿ|| + 1  y\
IIX 1 -\y\
,«,..3-2-76, 
 3-2-1d.
oA
3-2-26.
, , . 3 - 2 - 2 G..
and in the same manner
\\y I I  =  I I  y-x-f-x II  ^  II  y-x  ||  
or considering relation 3-2-76,
l l y l l  -  l U l l  ^  II # - % l l  =  II ^-y\\
Moreover, from relations 3-2-2 it follows that 
|||X I - I !/|| s I x-ÿ I 
This relation shows that as x tends to £/, tends to
zero (see relation 3-2-7&), and consequently ||x|| tends to | y \\. 
This means that a vector norm is a continuous function of the 
components of its argument.
There are infinitely many different function satisfying 
the requirements of DEFINITION 7 among which the following are
most commonly used:I X I f m a x  \x^\ 3 - 2 - 3 a ,
x»3= (.zx^|: = (xfx|:
.,..3-2-36, 
.*..3-2-3c.n 0.1 1 X )Z=1
Where x. is the Tth component of x. The first norm is the
absolute value of the largest component of x in modulus, the 
second norm is the sum of absolute values of all the components 
of xand the third norm is the Euclidean length of x ({%||g is
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usually referred to as the Euclidean vector norm). It can 
be shown that each vector norm is associated with a convex 
body in the %-dimensional Euclidean space. In particular, 
for the three norms introduced above, the convex bodies are 
respectively an a-dimensional cube, an n-dimensional 
octahedron and an %-dimensional sphere (for detailed infor­
mation about this aspect of norms see [3-4]).
DEFINITION 2, A n y  A d a t  valuLdd f u n c t i o n  t k d  d t d m d n t & A 
a no Am  A { d d n o t d d  by ||A||) p A o v Z d d d  that:
|A|> 0 an Zd ^ ^  A a n a t t  m a t A t x  t n  w h t d h  c a ^ d f A|l=o ...3-2-4a, 
jaA|=|al|A| 3-2-46,
I A + B I 5 I At+ 116 1 _  3-2-4C,
IAB I I  3-2-4d.
For instance, the square root of the sum of the square of all 
the elements of A is a norm satisfying all the above require­
ments, This particular norm is usually referred to as the 
Euclidean matrix norm.
From relations 3-2-4 it is deduced that (for detail 
see relations3-2-2 )
Hi All - I B|t|^ |A-Bi .
This relation shows that as A tends to B, | A|| tends to|| B | and 
therefore a matrix norm is a continuous function of the 
components of its argument,
DEFINITION 3. A matAtx noAm id ^atd to bd '^don^tàtdnt” wtth a gtvdn 
vddtoA no Am pAovtddd that loA any matAtx A and any vdctoA x
I Ax I ^  ||A I . I x||   3-2-5.
A matrix norm can legitimately be used in conjunction with a 
vector norm if and only if it is consistent with this vector 
norm.
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DEFINITION 4, A matAtx no Am conitdtdnt u)tth a gtvdn vdctoA noAm td 
6otd- to bd 6uboAdtnatd to thtd VddtoA noAm pAootddd that:
I A1 = max M M    3-2-6.
l l x IT ^  It ^  It
It may be verified that this quantity satisfies the matrix
norm requirements. From requirement 3-2-7 6 it is obvious
that relation 3-2-6 is equivalent to:
1 A|| = max ||Ax[(I x||=7
Remembering the facts that a vector norm is a continuous
function of its argument and the surface defined by ||x|| = 7
is closed, therefore m a x ||Ax||is attainable and is functionI XII = 7of matrix A, A matrix norm which is subordinate to a vector 
norm is also necessarily consistent with it, but the converse 
is not true. For instance, the Euclidean matrix norm is 
consistent with the Euclidean vector norm but is not sub­
ordinate to it. In fact, a vector norm has usually a number 
of matrix norms consistent with it but only one of them is 
subordinate to it.
From relation 3-2-6 it follows that for a matrix norm 
subordinate to whatsoever vector norm, |I|=7 (I denotes a unit 
matrix). Because there exists a vector x such that:
1 1x11= I I II’ I X I '
OA I X| = III l.|X I ,
fienea | Ï | = î.
It can be shown that the matrix norms subordinate to the
vector norms given in relations 3-2- 3 are respectively,
 .....11x11^0
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h A n "Ax' 2 n= 7TTÎ7 I I ....... 3-Z-7b,
I^l3 = max  ^ J [Zan.ge.it c Z g ^ n v a l u e 0 (j A^A)^ ...... 3-Z-7c.|x I T^o I X I 2
Where is a typical element of A. The first matrix norm X-i
is the largest row sum of absolute values and the second is 
the largest column sum of absolute values.
The matrix norm used in conjunction with a vector norm 
need not necessarily be subordinate to it, but it is advant­
ageous to be so.. The advantage is that the relation contain­
ing the norms, which is usually in the form of an inequality, 
will be optimal.
From now on, the symbols ||x|| and | A | will be used to 
denote any norm. Furthermore, in any relation containing 
both matrix and vector norms, the matrix norm is presumed 
to be subordinate to the vector norm.
DEFINITION 5. A gtvdn 6dquencd vdctoAd ..., uUdh
components [Zj . , 2 * * *^ Kn^ *
..., xs 6cUd to convdAge. to tkd VddtoA z wtth compondnt& [z^ fZ^ ,...z^ ] 
a ZJjntt dxZdtd ioA dach oi tkd components o^ tkd sequence o^  vddtoA
t m i d  Z , =z. ^oA t=l ,2,.,,
This will be denoted briefly as I t m t t Z =% or? ->z,K+" K K
The definitions introduced thus far will be used in 
establishing the theorems required for developing a number 
of rules for extrapolation (or interpolation) of forces and 
displacements in a structure, when some of its features are 
variable o
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SECTION 3-3 BASIC PRINCIPLES
Let and W be the stiffness matrix, the
displacement vector and the external load vector for a linear 
structure, respectively. The relationship between the 
external loads and the joint displacements is given by:
K d — W .......3-3-7'0 0
Now, let the structure be modified in an arbitrary manner 
provided that:
(1) The modified structure remains stable.
(2) The modified structure has the same number of joints 
as the original structure and the number and the types 
of degrees of freedom at each joint remain unchanged.
(3) The external load vector is not altered.
Examples of modifications consistent with the above
restrictions (subject to the condition that the structure 
remains stable) are:
[a] Inserting or removing members.
(fa) Changing the rigidities of the members,
(c) Altering the positions of the joints.
The load-displacement relationship for the modified structure 
may be represented by:
Kp+M)d =0/   3-3-2.
Where (K^ +M) and d are the stiffness matrix and displacement 
vector of the modified structure, respectively. The matrix 
M will hereafter be referred to as the "modification matrix". 
The precise values of the components of joint displace­
ments of the modified structure can be found from the solution 
of equation 3-3-2 and the accurate values of the components 
of forces can then be obtained from the joint displacements 
and the force-displacement relations of the individual members
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However, sometimes it is required to analyse a structure for 
a large number of cases in which some features of the 
structure are changing gradually. In such circumstances, 
one may think of analysing the structure for only a small 
number of basic cases and finding the approximate values 
of forces and displacements, for the other cases by extra­
polation (or interpolation).
For the above type of problem the technique developed 
in the course of this chapter will be found to be valuable. 
The rest of this section is devoted to the explanation 
of a procedure for construction of a sequence of vectors, 
d y d ^,. . , , . . .  which is convergent to the displacement 
vector d of a modified structure, and deriving an upper 
bound for 1 .
In what follows it is assumed that the original and 
modified structure are statically stable, and therefore the 
matrices and are nonsingular.
T H E O R E M  1, E o a  a n y  ^dqudnce. n o n - z d A o  ^ c a Z a A ^ a^ , Ug,
..., th d ^ d q u d n c d  v d d t o A ^ dj,dg, . . , , ,  o b t a t n d d
^Aom t k d  {iOZZowtng A d Z a t t o n ^
A = d„-fI + K'’M)d ,............ .......  3-3-3CC,K 0 0 K-f '
d - d  j A  K “7,2,............. 3-3-36,K K-/ K Kc o n o d A Q d 6  to t k d  d t & p Z a d d m d n t  V d d t o A  d ofj t k d  m o d t ^ t d d  
6tA(xdtiiAd p A o v t d d d  t k a t  t k d  Z t m l t d^  dxt^t^ {d^ x-6 t k d
K - > o o
d t ^ p Z a c d m d n t  v d c t o A  o^ t k d  o A t g t n a Z  ^ t A U d t u A d ) .
PROOF: Substituting a ^ from relation 3-3-3a into 
relation 3-3-36 -
d =d Î+a Cd - ( I + f(” M^) d ,].... .........3-3-4.K K-i K 0 0 K-/
When K->“ this relation becomes:
Z l m t t  d = Z t m l t  d ,+a [d - { Ï M] Z t m t t  d , ] .K , K-( K 0 0 K-IK->-c» K->-oo
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since Z t m l t  d - Z t m l t  d ,and this limit exists, then theK , K -  I '
above relation becomes:
a [d + Z t m l t  d ] = InuZZ vdctoAj»
Considering that is non-zero, then
d -(I + K M^) Z t m l t  d =lniLZZ vdctoAlt0 0 K1 K->wo/L (I+K"'M) Z t m l t  d = d^,
KT-Voo ^
premultiplying this relation by results 
K, (I+k;’m) ZZmZZ d = K d  , 
on  (K„+M) limit d - Kd.. .
From relations 3-3-7 and 3-3-2 K ^ d ^ ~ { K ^ + M } d , therefore
the above relation becomes:
(K +M) Z t m l t  d =(K +M)d,
K ; - ) - oo
or, since (K^+MJis nonsingular, then 
Z t m l t  d -d,iç-x» ^
and the theorem is proved.
It should be mentioned that the sequence of vectors d^
defined by relations 3-3-3 possess the property that for each
of them an exact solution is a fixed point. This means that
if the (c-7)th approximation, d^_y, is equal to d, then all
subsequent approximations d^^,d^^^,,.. will also be equal to d.
This fact becomes obvious by considering that for d^_.= d vector
A -InLiZZ vdc.toA'] and consequently d =d K  ^ ' K K-7
THEOREM 2. I(S || I - a  (I + K” ’ m ) | |< ! ,  (JoA k=),2,..., tke.n th&
w /T B  iwmttrtm n t K 0
^ d q u d n c d  o^ v d c t o A ^  d^ d e f i n e d  by A d Z a t t o n 6 3-3-3 coyivdAgd
to d t ^ p Z a c d m d n t  v d c t o A d. (JilhdAd | I-a^ {I +  ^M) | A d p A d ^  dnt^ a n y
- 7noAm 0  ^t h d  m a t A t x %-a^(I+Kp M),
PROOF: From relations 3-3-7 and3-3-2
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Premultiplying this relation by K~'
(I + K"'M)d =dg .
Substituting into relation 3-3-4
d^ = d|^ _j+oi^  [|I+K"'M)d-(I + K^'M|d^_; ], 
on -d^=-d^_j-a^(I+K^’H)(d-d^_j).
Adding d to both sides of this relation results: 
d-d =d-d ,-a (I+K [d-d .),K ic-/ K 0 '
o/L d-d^ =C I-a^ {I + M^] 1 (d-d^^ J ) ...... 3-3-5.
Taking norm from this relation ( see 3-2-5),
|d-d^|3|I-a^(I + K^^M^| |d-d^_y|    3-3-6.
Since I I-a^ ( I + /(^ ^ M) | < 1 for < = 1, 2 , , , , , then there exists a 
positive non-zero scalar a<1 such that
||d-d^ ||i ||d-d^ __^  II, ^OA <==1,2,---
The above inequality yields
|l d-d JII 5 all d-d^\\, ......3-3-7a,
I d-dgll  ^ a I d-d-j |ia^ |d-d^  ||, ......3 - 3 -7 b,
i|d-dj|*^  &II d - d i y a ' ^ l \ d - d j  , ...... 3-3-7C,
consequently,
lld-d^ ljj; a^||d-dp].
For K-><“ the above relation becomes:
l i m i t ||d-d^ || ;s l i m i t a'^ ||d-d^ ||.
Since a < 1 , then l i m i t  a^=o and thereforeIC-j-oo
l i m i t ||d-dJ|=o.K->oo
Now, remembering that a vector norm is not zero unless the 
vector itself is a null vector, then l i m i t  d =d, and the
K-»-" ^theorem is proved.
The condition of the above theorem is not generally 
satisfied for an arbitrary choice of the sequence of scalars 
a . However, it will be shown that there exist scalars aK K
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which satisfy the condition of the above theorem. In the
sequel an upper and lower bound for the scalars will be '
suggested.
- 7T H E O R E M 3. A l l  tho. zlgznvaltLO.^ + M) cL/ie, positive.»
PROOF: Let and represent a typical eigenvalue and the
_ 1corresponding eigenvector of the matrix The
following relation holds
+ M^| x^=X^x^ .
Since is a non-zero vector and is a positive definite
T Tmatrix, then and is non-zero. Premultiplying the
above relation by
xT(K^+M)x^
finally  3 _3 _j
Remembering that the matrices {K^ +M) and are positive
T Tdefinite, then their quadratic forms and %,K %, ^ X 0 A, X 0 ^
are greater than zero and therefore from relation 3-3-S 
X^>o, and the theorem is proved.
T H E O R E M  4, T/ie. Acqaence o{\ vcc^ o/l-6 de^Zne.d by the. 
n.e,latton6 3-3-3 c.o nv e./ig o, to the. dtA>plac.me.nt ve.(ito/i d the. 
^ollouftng c o n d i t i o n  I a> ^ a t l ^  ^ Icd,
20 ^ (X  ^ n K“?,2,... .max
Where X is the largest eigenvalue of (I+K~ Ml, which has
I I I  vC  A f C/
been proved to be non-zero and positive by the previous 
theorem.
PROOF: Let x and R be a non-zero a-vector and a nonsingular 
matrix of order n, respectively, A norm of vector x denoted 
by ||x||^ can be defined as follows:
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ll’^ll®=l|Kxil3  3-3-9.
This vector norm satisfies the requirements of a vector norm. 
The first requirement is satisfied, since x is non-zero vector 
and R is nonsingular , i.e. Rx is non-zero vector. The 
second and third requirements are satisfied, since
1“ IliKxlj = |oc| I %|g,
and
Where y is any vector. The vector norm defined by relation 
3-3-9 will hereafter be referred to as the "R-norm" of vector 
X.
The matrix norm subordinate to R-norm for a vector x 
is found as:
max I k  % III" 11% wo I! X no­
where A is any matrix. From relation 3-3-9 the above
relation becomes:
IIAii ll^ x^ II3
" 11% 1^ 0 iRxWg
Remembering that R is nonsingular , then RR^=I and the above
relation may be written as:
|RA(R"’r )x| ||RAR‘'(Rx )||IIAII = max  =  max   ^  ." ll® ||x||?to IIR x||^ j|xj|yto 1(1^ %) I g
From relation 3-2-7c, the above relation becomes:
||A||^ =||RAR''j|3 ........ 3-3-)0.
Now, since the matrix is positive definite, then
it has a positive definite square root, which is given by 
(K^+M)^ such that
(K^+M) =[ (Kg+M) h^ = {C |Kg+M)3]f}2.
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Furthermore, remembering that the matrix R in relation
3-3-7 0 is an arbitrary nonsingular matrix, then "R-norm"
_ 1 tof the matrix Ml for R=(R^+M)^ becomes:
where matrix ,..,3-3- . If
B=(Kp+M|Z[I-a^|I + Kg'M!]|Kp+Mr^ ____3-3-7Z.
The matrix B is symmetric, since 
B=(K„+M) MK,+M)'^-a ( fC +M) b  I+K"’ Ml [K ,+M) 'bO U 1C v O Uoft
 ^ |I + K"'WI (K^ +M) "“ =î-a^  (K^ +^M) ,
{finally
(K„+M) (K.+M|:]T = I-o^ (K^ +W| 'K"' (K„+M) ^ =B.IS.V L V K U V V
Due to this symmetry the third norm of B is found as follows
[see relation 3-2-7c):
l|B||2=(^ 7ie e i g e n v a l u e  B ^ B } ^ = [ l h e  la/ige^t2 -e i g e n v a l u e  oi B )%
B^lg^ t h e  lafige&t e i g e n v a l u e  oi B I n modaf.a-6.
KNow, considering that the matrix B is similar to ï-a
(I+Kp^M) (see relation 3-3-72), then the eigenvalues of B
— 7are the same as the eigenvalues of I-a^(I+K~ M),
Therefore,
_  1 •||B L= t h e  laJige^t e i g e n v a l u e I-a^(I + R” Ml In  m o d u l u s .  
From T H E O R E M  3 the eigenvalues of (I+R~'M )are positive,
therefore
I|B IIg= / OK
w k l e h e v e K  l^ t h e  laKgeK^ ...,..,3-3-7 3.
Where is the smallest eigenvalue of I + K%^M.
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Furthermore, from relations 3-3-Î7 and 3-3-7 3
'■“kW I
I ^ “k i^hXhI
(^jklckeveK /L/& t h e  l a Kg eK ,
 3-3-74.
From this relation and T H E O R E M  1 the sequence of vectors 
defined by relations 3-3-3 converge to the displacement vector 
d if the following condition is satisfied;
{  ^ “k W^IO-X
lljj, = ) o/t \ < 7
lohlckeveK l6 t h e  la Kg e f i J
O K
‘ 'd, 
a n d
- W n l
inequalities (a) and (b) are equivalent to
2[a) o<a <  --
a n d
(b) o<o_< 2^ ^m ln  
2Consequently o<a <  -- , and the theorem is proved,m a x
T H E O R E M 5. foK the sequence J^ealattà a^Mhteh mtnt m t6e6- 
the  + doA. K=7,2,,,., the sequence vectoK6
d^ defined by KelattonA>  3-3-3 eonveKgeA> to the dt^placement 
vectoK  d.
PROOF; From relation 3-3-74, the variation of I  ^  ^M) 1| ^
with respect to is as shown in figure 3-3-7 . This figure
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max
max
= J-a
nun
FIG. 3-3-
FIG. 3-3-2
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shows that |ll-a (Î + K ”^M|L has a minimum at point a = ^K 0 "G " K
Where this point is the intersection of two lines
+ '‘max Wl-actf + Kô'")!®
Now, since the sequence of scalars each one of which is
equal to a = y — —  minimizes | I-a ( I+K” ^ M )| ^  and satisfies max ^ m Z n  n  „the condition of T H E O R E M  4, o<a = ?-— — < ^ --- , thenmax “mXn ^max
the sequence of vectors converges to d, and the theorem is
proved,
2The advantage of the choice of ot = ?— — ----  is that as
I I-a^ (Î+K”'Mllijgj decreases, |t d-d^ | ^  decreases (see relation
3-3-6), and therefore ||d-d^ |^  tends to zero rapidly.
In T H E O R E M  4 and 5, the condition of convergence of the 
sequence of vectors d^ (defined by relation 3-3-3) is expressed 
in terms of the eigenvalues of the matrix There­
fore, information about the eigenvalues of + or even
their upper bound and lower bound, as established in the next 
section, provides valuable guidelines for selecting the sequence 
of scalars a^ . However, if no information about the eigen­
values of (I+K^'Ml can easily be obtained, the following 
theorem, with an extra effort, will provide a sequence of 
scalars a^,independent of eigenvalues of such that
the sequence of vectors d converges to the displacement vector 
d.
T H E O R E M 6. Fo/i the. acqucncc w k X a k mXn^mXze
l|d-d^  ||g K = ?,2,... a n d  R t h & aequcwec
d^ d e . ^ X m d  by fio,tatT,ont 3-3-3 to the. dt^pZac.e,me.nt
vec-to/L d.
PROOF; Taking "R-norm" of the relation 3-3-5
Wd-dKi@=|[I-a^(I + Kp^M)](d-d^_;)|@ .... 3-3-Î 5,
2 - 1 9
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From relation 3-3-9 and for R=(fC^+Ml^
Prf-d^ l|=lllKo+M)^ Cl-a/-’:iC/Ml]:d-d^ ,,) 11^.
Expanding the third norm on the right hand side of the above 
relation (see relation 3-2-3e), 
l|d-djl^=( (K/Ml (Kp+WI ] f  { (Kg+MI (K/M) ] |d-d^_,l ) ,
Since
1=1^ , |Ko+M|=|Kg+Mr^ ,K''=K"f, |Kg+MI&=[|Ko+W|:]^  and the law lABxl^xVA^ 
then
lld-dJ||= )’■[ I-CX^  (K^ +M) (c;’ ] kl-a^ic;' [K^ M^l 3 (d-ci^ _, ).
and after the necessary manipulations:
||d-d^ |||= ( d-d^_, I "^  ( fC^ -^MI k;  ' ( IC^ HI) k;  ' 1 1 1 d-d^., ) o^-Z 1 d-d^_, ) ((C^ +MI k;  '
(K/MI ld-d^ _;|a^ + (d-d^ _,)^ (K^ +M) (d-d^ _,l. 
2Now,since the variation of ||d-d^ || with respect to is a
parabola and lld-d^ll^g >o for all values of , then^d-d. 
has a minimum (see figure 3-3-2). Assuming that this
minimum is at point , then at this point the first
2derivative of ||d-d^  is equal to zero, i.e.
8 ||d-d ||i T 1 7—  -  - = 2 ( K- Î > ( (C„+M) K -  (K,+M|K - ' (K^.Ml (d-d^_,|a^-Z |d-d^_, I
tKo+"IK;'(Ko+M|(d-d^ _,
forotâ . HenceK K
- . (d-d^-,l^lVM)K;'lVM)[d-d^.,)
(d-dc_,)7lK^ +M)K;i(K,+M)K;ifK,+M)(d-d^ _,)
Furthermore, since I I  d-d 1^ 11^ = {I I  d-d|^  I I I  ] ^ and ||d-d||^ >o for all 
values of a ? then the minimum of|[d-d ,l| is also at pointa =âK •' K '® - K K
(see figure 3-3-2). From this fact and relation 3-3-7 5 
it is deduced that
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where ||d-d^ |f^  represents the minimum value of | .
Considering relation 3-2-5 the above relation becomes
l|d-d^ lù' < +  3-3-17.
The variation of with respect to (see
figure 3-3-7) shows that | | I I  + M^) has a minimum at
a =-T —    and its minimum value is equal to
Therefore, relation 3-3-7 7 is written as
l|d-d ||d.d^,|f's|)I-„JI.K-’M) m  ||d-d^.,i;...3-3-l«-
From T H E O R E M 3X^^% and are positive, and this implies
that ^max ^m ln is less than one. Now, comparing the 
^ m a x + ^ m Z n
relations 3-3-7 8 and 3-3-6 and considering the condition of 
T H E O R E M 2 it follows that the sequence of vectors 
defined by relations 3-3-3 converges to the displacement 
vector d, if the sequence of scalars be chosen according to 
the relation 3-3-76, and the theorem is proved.
For the numerical evaluation of ct^ , the relation 3-3-7 6 
can be simplified as follows:
Premultiplying relation 3-3-3% by
From relations 3-3-7 and 3-3-2 (f(^ +M) d, therefore the
above relation becomes:
K,t^=(K,+M)d -(K,+M)d^_,,
OM K^A.^= I (d-d^^ j ) ,
and the transpose of this relation becomes;
I d-d^..j •'•Ml .
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Now,substituting for (.fC +M) [d-d -Î and (d-d ,)^[K +M)0 tz- J K~ / 0
from the above relations into relation 3-3-7 6, 5^ becomes:
OA.
â = ~L-£-Jî_ \ r
T HEOREM 7. A n  e . 6 t t m a t e .  t h e .  A a t &  convergence o^ ^ke 
sequence o^ vect^ra d^ d ^ ^ t m d  b y  d^= ..........3-3-79%,
( wfu.che.veA. t& the ZaAgeA., 3-3-796,
WTiere
..........  3-3-79C,
r^ K^r 2
a - "T"*— —  (ar a =-T r?---•) ........... 3-3-7 9d,r^( +M J r^  max m^ n
PROOF: From relation 3-3-7 5,
l|d-d^  I®  ^ Wl-o^lI + Kg'NI llg lld-d^ _j 11^ .
Substituting for a =2/( \ ., + X .. ) into the above relationK mcCX. fn/L. KL
I I® ^llï’" X +x"—  (% + K^M)||@ lld-d J|@ .,,.,,3-3-29,max m/Cn
where the sign prim indicates that the R-norm of (d-d^) or 
(d-d^_|) is corresponding to the case when a^=2/(X^^^+X^^^). 
From figure 3-3-7 it is deduced that ;
« I- r — fx— -  = ' w % x J / ' w W 'max mx.ntherefore relation 3-3-20 becomes:
Ild-dJU   3-^-^'-max mx.n
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Comparing relations 3-3-21 and 3 - 3 - 1 S , it results that the
Taccuracy of two successive approximations for
T (K^+M)r^and 2 / { are the same. Consequently, 
using||d-d^||^ to denote either ||d-d^ || or ||d-d^ ||^  it follows
m a x  mx.n 
This relation yields;
11^.^ 11^ , Ild-dJI® ,
m a x  m ^ n
m a x  m ^ n  m a x  m ^ n
11... I Iid.d f ild-dj ^ ,
m a x  mx.n m a x mtnconsequently,
m a x  mx.n 3-3-22.
From relations 3-3-1 and 3-3-2,
(K^+M)d =Kgdp, 
or Kp(d-dp)=-Md,
Since is nonsingular , then 
{d-^o ) =-Kp^Md.
Taking R-norms from above relation
Id-dg 1^^ I “ ^<3 II® 11^ 11®= +  3 -3 -2 3 .
From relation 3 - 3- 14  ^ it is deduced that
"Z-'I + Kô'wi ll®= *1' '^maxl’l'
wktckeveh. t h e forgery
 3-3-24.
- 1'Q '■■' "©'
relation 3-3-23
Substituting for 11-( I+f("'jU] l^from relation 3 - 3- 2 4 into 
||d-d JLi max(|r-X^^ 1, |1-X„. II IjdjL .
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Furthermore, substituting |1 d-d^ |l@into relation 3-3-22,
or
m a x M/CM.
Theorem is proved.
Relation 3-3-2 5 shows that the smaller the magnitude of the
^ the faster ) tends to zero, and there-^m ax  m t n  m a x  m t n
fore the faster d^ tends to d. The magnitude of the
will hereafter be referred to as the "speed ofm a x  m t n
convergence" of the sequence of vectors d^.
Relations 3-3-7 9% and 3-3-25 are the required sequence 
vectors d^ and the upper bound for the norm of vector (d-d^), 
respectively.
Relation 3-3-7 9% can be used for obtaining numerical 
values of displacements or forces when some features of a 
structure are changing gradually, and relation 3-3-2 5 may be 
used in a qualitative manner for deriving different relation-, 
ships or comparing the relative effects of different types 
of modifications.
The discussion has so far been quite general and 
applicable to any structure. In the remainder of this chapter, 
however, attention will be concentrated on the case of flat 
grids with varying bending rigidities and relations derived in 
this section will be used for the study of this problem.
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S E C T I O N  5-4 T H E  M A T R I X  J + K ^ ^ M
From the relations developed in S E C T I O N  3 - 3 , it can be seen 
that the speed of convergence of the sequence of vectors 
depends on the distribution of eigenvalues of In
this section the matrix [I+K^^M] for a torsionless flat grid 
with varying bending rigidities will be closely examined and 
the corresponding largest and smallest eigenvalue will be 
evaluated.
Let the sole modification to a structure consist of changes 
in the bending rigidity of a single member b. Let the basic 
stiffness matrix of this modified member, relative to its own 
member coordinate system, be
^mb^^b*^b .....3-4-7.
Where K^bis the basic stiffness matrix of the modified member.
The stiffness matrices of the modified member relative to the
frame coordinate system are:
......3-4-2a,
=  3-4-2b,
=  3-4-Zc.
'Kgzlmb-rblKb+Gt'fl , ......
Where T^ and are the transformation matrix and the 
equilibrium matrix of the member, respectively (see relations 
1-3-2 and 1-3-4b), From relations 3-4-2 and figure 1-3-2 
it follows that the modification matrix, corresponding to the 
type of modification under consideration, is of the form shown 
in figure 3-4-7, where the terminal joints of member b are 
assumed to be
Now,consider a flat grid whose members have no torsional rig­
idities and infinite shearing rigidities and suppose that 
a member b with second moment of area I^, is modified to
have a second moment of area equal to I ,mb '
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The original and modified basic stiffness matrices 
of the member b are (see figure 7-3-3):
~ 1 7
0
6EÎ
a n d
'mb
72EÎ
6EI^
~ u
0
4EI|
L
6 EI
mb mb
0
6 EI
T
mb
L
0
451mb
respectively, and therefore from relation 3-4-7,
72EI 6 EI
6 EI
0
451
Letting r,= , the above relation becomes:
mb
^b "  3-4-3.
The scalar will hereafter be referred to as the "bending 
variation factor" of the member b.
Noting that and are independent of the second ^
moment of area, from relation 3-4-3 and figure 3-4-1 it 
follows that
^b = l^ b ^^^b  3-4-4.
Wliere is a square matrix independent of and of the
same order as (and K ^),
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Now,if a group of members of the grid is modified and 
the modified members have the same bending variation factor, 
say then the modification matrix is given by ( see 
relation 3 - 4 - 4),
OA, 7 ) •
Where the summation extends over all the modified members'. 
Denoting by and EP^ by
......3-4-5.
Furthermore if all the members of the grid are modified and 
the modified members are put in n groups such that each 
group contains the members having the same bending variation 
factor, then the overall modification matrix is given by 
(see relation 3-4-5  ):
n nE M y = E [y / "7 )%)/ . . ,, . 3 - 4  — 6.
Noting that
«•■j,»*.
the above relation can be written as:n n nM= E y j V j -  z Vj =( E yj'Oj)-K ,
OA, VI
K^+M=Ey-P. . . ....3-4-7.
Premultiplying this relation by ,
OA.
1 1 wf + W=K%' E y;V.  3-4-S,0
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^The characteristic equation of the matrix is
detl ( I  + fC^  V l - X l ] = o   3 - 4 - 9 .
The roots of equation 3-4-9 are the eigenvalues of 
Substituting for + from relation 3 -4-S into relation 3-4-9
7 %det{K~' E T;P;-xI)=o,
OH. _ ^  M.
detLK^’[z y fVy-XK ] 3 = 0 ,
Considering that the determinant of the product of two 
square matrices is equal to the product of their determinants, 
thus the above relation becomes:
w
det(K '}det( z y . V y - X K  } = o  0 1=1 ^ ^ 0
Since is positive definite, then detlK^ )Ao , hence
Yl
det[ z y ;V;-XK„)=o.^ ^ 'I
YLSubstituting K = Z  V ;  in the above relation:°i=i
Yl Yl
det{ z y ; V ; - X  E V j ) = o ,1^1 ^ 1=1 ^
de-tC I  (y/-A)P/] = 0.
tNow, considering that the matrices ^ are stiffness 
matrices of groups of members, then they are either positive 
definite or positive semi-definite, and therefore the
jquadratic form x V jX'^o for t = 1 , 2, . , , , yl. Where x is any non­
zero vector. Furthermore, since K is positive definite,
T Tthen the quadratic form x K x= E x P,x>o,and consequently
° t=J jat least for one group of members x V^x>o.
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nFrom the above result the matrix E ly--X)V-'L= 1
is positive definite (or negative definite) if all the 
factors Y;-X for 1 = 1 , 2 , . . . , n are positive (or negative) 
This means that:
n
deZX. E CY ' “ X ) Py ] 7= 0,1=1
OfL n
deZL E ( Y / “ X)Py ]=o. x=j
<jCf/L 4omc v a l u e r  oi X w k e A e  y ^ . a x ^ y  " " 'max,
..a... 3-4-10,
Where y and y_. are the largest and smallest values 'max mycn ^
of factors y ,y , a n d y^ . The consequence of the
above relation may be stated in terms of the following 
theorem.
T H E O R E M  8, In t h e  e a ^ e  toH,4tonle66 {,lat gH.td^ w t t k  va/iytng 
be n d t n g  Htgtdtttei>, t h e  ta/igeét a n d  6 m a Z t e 6 t  e t g e n v a Z a e ^  
(I+K"'M) a/ie e q u a Z  to y a n d y . , n . e^ p e e t l v e Z y ,0 JTiCCX uiA^ Vl
A e m o v a Z  o{^  a n y  gfioap o^ membeH..6 w t t k  t h e  .éame b e n d t n g  
vafitatton {^aetofi, pfiodaeeà 6tngaZa/itty t n  t h e  6tt^{,ne^6 
mat/itx oi t h e  fie^aZttng n e w  gn.td,
PROOF: From relation 3-4- 1 nd e tl K  ■f-M]=detl E y,Py).0 ^ 4
Since the removal of any group of members with the same
bending variation factor, produces singularity in the
stiffness matrix of the corresponding modified grid, then
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n deti z y.P')=o, x=ï
ti) y,ko o^/L t 1, 2, , ., yi a n d  at  l e a 6 t  one o^ t h e  iaeton.i> y. zeKo,X- /L
........ 3-4-7 7,
Now, i£ the grid is modified such that the factors y^ are 
replaced by Yx-Y„,^^loA Yma%-Y^l, then the factors Y^-Y^^„so 
(or for x^7,2,..,,n and at least one of the factorsi7l 6C X A-
is zero. Therefore, the condition of
the relation 3-4-7 7 is satisfied for factors y ^^-y,),/C 'max x.
hence
det[J^(Y-Y,„^„)P^]=o(oÆ detectjYmax-Y^IPi]=o).
Comparing this relation with relation 3-4-10 it becomes 
apparent that x=y„ lis the smallest (or largest)JnA.fl. . JnAX
root of equation 3-4-1 0, Furthermore, remembering that the
equations 3 -4 - 7 0 and 3-4-9 are equivalent, then the largest
and smallest eigenvalues of I + K**'M are y and y^.,0 'max mx.n
respectively.
It should be added that if removing a group of members 
with the same bending variation factor does not produce 
singularity in the stiffness of the resulting new grid, then 
a dummy singularity may be introduced in various ways.
For example, a dummy singularity can be obtained by adding 
an extra joint at a point along a member of that group.
This procedure causes local singularity by removing that 
group of members, so that the extra joint along the member 
effectively is isolated from the supporting structure.
To demonstrate the application of the above theorem 
the following examples are considered.
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EXAMPLE 1. Consider the torsionless grid S shown in figure 3-4-1 
which is restricted from translation only at four corner 
joints. To begin with, the inner and edge member have the 
second moment of area and I, respectively. It is 
required to evaluate the largest and smallest eigenvalues 
of (I + fC^ M^) when the inner and edge members are modified 
to have the second moment of area and I',respectively.
The bending variation factors of the inner and edge 
members are
j I f
Tj = __2 . and T 2 = —  ,
^0 Ï
respectively. From relations 3-4- 1 0 the eigenvalues of 
are bounded by and .
Now, it will be shown that modifying grids by either 
(method 7) or (method 2 l discussed below, will cause 
singularity in the stiffness matrix of the corresponding 
modified grid 5, and therefore one can use THEOREM 8 .
(Method 7) Removing the inner members from grid 5,
(Method 2) Removing the edge members from grid 5,
In method ] , since the inner members are removed, then 
the inner joints are unconnected, and therefore,the stiffness 
matrix of the modified grid will be singular. In method 2 ,
since the edge members are removed, then the corner joints 
become local mechanism, and therefore the stiffness matrix 
of the modified grid will be singular. Consequently, by 
applying T H E O R E M  S, it follows that factors y ^ and y  ^ are the 
required eigenvalues of the (I+K~^M).
EXAMPLE 2. The grid S shown in figure 3-4-3 which is 
restricted from translation only at four corner joints.
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The members have the second moment of area of I 1 2 »13 and 
as shown in figure 3-4-3. It is required to evaluate the 
largest and smallest eigenvalues of (I + K^^M) when the members 
are modified to have the second moment of area, and
I^(see figure 3-4-3) *
The bending variation factors of the members are
q  q  q  , qYl , y n-  y Y 2  y y A~---- - •
h  h  h  u
For examining the condition of the THEOREM 8, the grid S is 
modified by the following methods:
(Method 7 ) Removing the inner members parallel to % -axis.
(Method 2 ) Removing the inner members parallel to ^ -axis.
(Method 3 ) Removing the edge members.
(Method 4 ) Removing the diagonal members.
In methods 7, 2 and 3 due to torsionlessness of the 
grid some joints from which the members are removed will 
become mechanism, and thus the stiffness matrix of the 
modified grid 5 will be singular.
In method 4, by removing the diagonal members the 
stiffness matrix of the resulting grid is nonsingular, 
therefore, in this case it is necessary to consider an 
extra joint at a point along a diagonal member. By satis­
fying the condition of T H E O R E M the smallest eigenvalue is 
the minimum value of (y^  Y g Y g Y^), and the largest 
eigenvalue is the maximum value of (y j Y g Y 3 Y^ )•
It should be mentioned that if the minimum and maximum 
values of (Y., Y^, Y^) do not correspond to the bending
variation factor of the diagonal members, then there is no 
need to consider an extra joint at a point along a diagonal 
member.
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EXAMPLE 3. In Example 1, it is required to change only 
the second moment of area of edge members from Ij to I^. 
Now, the problem is to find the initial ï=a to maximize the 
speed of convergence of the sequence of vectors defined 
by T H E O R E M 7.
The speed of convergence of the sequence of vectors 
d according to T H E O R E M 7 is equal to the ratio
max mZn
where A and A. are the largest and smallestrflCL/C
eigenvalues of respectively.
Now, assuming that the edge members are modified to 
have the second moment of area b the largest and smallest 
eigenvalues of 17+K~^M1 are;
A = 7 f A = —max \ max a
È. 'a  o /l \A... ^ A... =7
I i I ( -t/S ! < I
therefore the speed of convergence is given by
b^max - ' I f - u 'A + A ' 4 . um a x  m ^ n  i
The variation of n k,b) with respect to a and b (see figure 
3-4-4) shows that the slowest speed of convergence for an 
initial value J=a is at either n (&,!,)= or n (&,%?) =
p-qi . ' "'b- t whichever is the larger. Furthermore, considering 
that the highest speed of convergence in the interval îj to Ig 
occurs at
r]{a,î -j] =n(&,l2 ) *7,
then
|a-ï- I |a- % 2 I 2
&+Ï, a+l2  ^ on., a = Ijig.
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From this relation it follows that if T H E O R E M 7 is used to 
obtain the displacements of a torsionless grid and in this 
grid the second moment of area of a group of members changes 
from Jj to Ig, then the best choice of the second moment of 
area for that group of members in initial grid isflyl^)^.
Before this section is ended, there is a rather
interesting point which is worth mentioning, namely the speed
of convergence ^max may be written in the form:
^ m a x ^ ^ m X n
^ m ax jX X \_ max' m l n _ a in - y +T  - — T......... ....... 3-4-72,m a x  m l n  m a xI T T 'mx.n
Where ^max is usually referred to as "P -number" [ 3-5],
A .mx,n
The F-number is an important number denoting the 
conditioning of a system of equations. In general, 
increasing the dimension of the coefficient matrix of the
equations, increase the value of the corresponding F -number.
_ 1In the case of matrix M), however, the P-number
is not directly affected by the dimension of it. The reason 
follows from considering THEOREM 8, where it was proved that
^he values and depend
only on the change of bending rigidities. Furthermore, 
from relation 3-4-12 it follows that the speed of convergence 
is also independent of the size of (I + K~'M), T-.c.the speed of 
convergence of sequence of vectors according to T H E O R E M 7 
is independent of the number of joints and members, and 
entirely depends on the variation of factors y^, yg,...,
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SECTION 3-5 ESTIMATE OF DISPLACEMENTS
In this section, the relations developed in S E C T I O N S  
3-3 and 3-4 are used to find a number of equations by which 
the change in the displacements of a torsionless flat grid 
due to variations in the bending rigidities can be closely 
estimated.
On the strength of THEOREM 7 , the sequence of vectors 
d defined byK '
''2....... 3-5-îa,
converges to the displacement vector d, where
 3-5-Jb,
a n d
= 4 ^ ^ .  ,0^  . .1 . -  I ............3-5-)c.
(fC^ +M) m a x  m Z n
From relation 3-5-7% it is deduced that7dj= +
'^ 1 ' 2
K - 2 K - 7
K- 7 Kdfc = d -+a Æ = d + E a^n.,+a h. =d + E a ..K-J K K  0 ' t  X. A. K K  0 ^ ^/L— I  X , — I
Consequently 9
Kd =d + E aj/L.  3-5-2./C "I ^
The vector in terms of d is evaluated as follows:
From relation 3-5- l b it follows that:
Substituting for d^  from relation 3-5-1 a into the above 
relation
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Considering that d^-(I + fC~ ' M)  ^ [see relation 3-5-ïb) , 
the above relation becomes:
on. /t^^j=[I-a^(I+K’'M)]A^ .
This relation yields:
T  ^ ,Æg =[I-a^(I + K“'M)]t,=n[I-og_.(I + K p ' M ) ,
J , ' I^3=CI-a2 ll+q M) 3*2=1:1-02 I M l  ] n [I-02_y|I+K0 Ml 3*, ,
« ■ • • » # 1 « • •• * # * , B  * • # a •
T Î  ^ ÎÆ- = CÏ-CX. ,(I+Kb'M)lt. ,=[I-Oy ,(I + K:'M)]n [I-%. ,<L A,” I 0 Xr^; /L-j 0 X/-/-Y 0 /J-lor, in general 
Z-7%;= n CI-O; ;(I+K"'M)lt,- j=7 --J • 3 -5 -3 ,
Now, for K=f, relation 3-5-7b becomes:
* , = d ^ - ( I + K ' ' M ) d ^  >
on, 
*, = CI-(I + fC''Ml3d„ ,
therefore, *,. in terms of d„ is written as (see relation 
3-5-3)
t- Î J Jn.j= n [l-a. ;|l + K"'MI3[l-(l+K:'MI3d^ ,/ t y _ j  X,- j  V 1/ ü
on. Y
/L.= n [I-a. + '  3-5-4,X- y_ J X,-J G o
where is assumed to be equal to one.
From relations 3-5-2 and 3-5-4
K X.E a . n „ _K V A, X-i u 0
Furthermore, since fxmxt d =d, then the alternative is toKK->oo
write,
d=d^ +a,Cl-oip(l+K"'Ml3c(p+02:1-0, (I+K‘'M)3Cr-a^ (I+K"'M) ld^ ->-a^ lI-a^ U*K~^ U]1
[I-a, (I+q'M) 3[I-Og II+q^M) 3d^ + ...
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Considering that a -1,
d = d j a f j n d ^ - a f î - a ^ (I+K"’m) l/C'^ Md^ -ajCI-a^  (î+K"'m) ][î-a, (I+K’’m) 3K‘’Md^ +,
3-5-6
Assuming that the condition of T H E O R E M  S is satisfied, then
therefore from relation 3-3-25
OK
^ m a K
i i i 7  ‘ ( ^ î r : 7" " ®   + /
This relation shows that for an increase in the
convergence of the method soon slows down [see figure 3-5-/ ) 
However, it turns out that the theoretical estimate of rate 
of convergence is rather low and actually the process7
converges very rapidly even for large values of  --- ,'mZnThis will be established by showing that there are instances 
for which the relative error ||d-d I / | djj =o, while the right 
hand side of relation 3-5-7 are much greater than zero. 
Consider the following examples,
E X A M P L E  1. a {^tat g K l d  unde.K a gZven ZoadX^ng ^ y ^ t u m
m o d Z ^ X e d  a n d  the, m o d t ^ t a a t t o n  mat/itx t-6 e,xpKe,6 6tbte, t n  the, 
^oKm M=g%% , t h ^ n  the, 6 u m  {^tK^t a n d  s e c o n d  te,Km o 
gtve,n by Ke.tatton 3-5-6 d e . ^ t m  the, be.havtoaK o(^  dt^pZace.ment6 
d, pKe.c.t^ e,ly, t,&,, d = d ^ - a  ^ M d ^ , LOhe.Ke. x a n d g aK ^  a ve,ctoK 
an d  a 6c,ataK, Ke,^pe.c.ttoe,ty^ This is proved as follows:
From relation 3-5-4
/Lj =I-a^ +
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oo
Csl
'O
ILn
»to
s:«>.3tRi»**fiea»rui«3ZT,
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considering that 0 ^=7 , then
Substituting for M=3xx' into the above relation
o/L  3-5-8.
From relation 3-5-Ic
.....   3-5-9.
Since M=3%%^,then
a. •^1^0^;
'— r r — ~ i r  ■/Lj (K^  + Bxx
OK j
0 1 , _I _ _  _  =
/L !jK^Kj+eKj XX Kj
T T TFurthermore, since ÆjX is a scalar, then K-jX-x K^ hence,
a,^ ________
Substituting for from relation 3-5-8 into the above 
relation
OK
finally.
(-3x^dgKpf%)^Kp i-^x'^ x] + ^ l ( - 3 ?c^ c(^ K" ^ x 1 ^
1o? =
7+3X^K%^%0 TSubstituting for from the above relation and M=3 %%' 
into the third term of the series given by relation 3-5-6,
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a,CI-a,  {ï + K ' h x T j ) IK'J i x x ’’d„1 ) 0  0 0 L J+Bx K X ° 0 0
= a ^ L K ' ^ x (K’'x+K''bxx^K‘'x1 ]Bx’'’d^
=ag[7-
Ï+3X X
OK
7+3% X 0 0 0
agCT-oy {I + /(” M^) ]fC~ ^ Md^= vecZot].
This implies that d = d ^ - a  , and the point in question
is proved.
As an example of the above type of modification 
consider the torsionless diagonal grid shown in figure 3-5-2, 
where the second moment areas of the members denoted by. ”b” 
are modified by factor n.
The modification matrix in this case is written as
0 0 0 0
0 7 0 _ 7 2 5% ( n- 7 ) 7
L''0 0 0 0
- -
In this example, the condition of T H E O R E M  S is satisfied
he right hand side
and therefore and ^max=’ Ymxn=%l'YThis means that for some values of +Ymx n
of the relation 3-5-7 is much greater than zero 
while the relative error ^7^® = o
E X A M P L E 2. 1 i a ^£at g K X d  u n d u K  a gT\jo.n Z o a d Z n g  6y^te.m
/C6 modl^lo.d a n d  d^ an o,lgo,nv2.ctoK o{\ X.c. K~' Md^ = ed^, 
the.n ,
whe/LC 3 a -icaZaK,
From relation 3-5-4
*j=-K"'Md^.
Considering that Md^ = $d^, then
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Æ,= -Mg.
Substituting Aj into relation 3-5-9,
a
K, t-Gdp)
' (-edgl^(K^+M)(-gdgi'
From relation it follows that M d ^ = a n d
therefore :
a- 0 0 0
^ r r r m z T r
O K
-  ?Substituting for a, from the above relation and K" Mcf =3d/ 0 0 0
into the third term of the series given by relation 3-5-6, 
it follows that :
a2[I-a;(I + K-'M|]K"'wdg=a2[I- (I+K''M|]Sd^
T3r-ldo+Bdg|]g
=a2 [f- { J-f-3 ) I3d^= V&et04j
This implies that d=d^-a ^  ^Md^ .
As an example of this type of modification consider 
a family of torsionless flat grids consisting of an even 
number of cantilevers connected at their ends forming a 
regular polygon (the plan view of the first three members 
of family are shown in figure 3-5-3). Where the second 
moment of areas of members denoted by "b" are modified by 
the factor ri (to satisfy the condition of T H E O R E M  S extra
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joints are assumed at the middle of the members).
For any such torsionless grid under a concentrated 
load the non-zero components of displacements at initial 
grid is given by :
a,
13,/i
= «3
®x3 ®x3
Where subscripts 1,2 and 3 denote joint numbers, 6 and e^ )
denote the deflection and rotation about x [OK {/)axis, 
respectively. The modification matrix in this case is :
M=
El
2L
(n~7)
and
n -12 - 6 L 0 0 0
~1Z 24 '0 0 0 0
" 6 L 0 81^ 0 0 0
0 0 0 0 0 0 »
0 0 0 0 0 0
0 0 0 0 0 0
(726, - «, - 1SLT T
1) (-726, + 06 , ■ f t ? ' n-7)
0
( - 6 L 6 r  4  ' 6L6, ) 0
0 0
0 0
0 0
( n~ n
-p/2 %
0
0
0
0
0
3 "EIp*?
2 p^3 W
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Where n is the number of planes of symmetry. Premultiplying
—  1 —  1the above relation by K~ and considering that d =K~ W (see' 0 ® 0 0
relation 3-3-1'), it follows that:
and the point is proved.
From T H E O R E M  8, in this example and y .=7
In W. /L ifl ^
(or and » and therefore, for some values of
-JUSLl the right hand side of relation 3-5-7 is much greater^ m Z n I , j|than zero while the relative error ~ ict^
M l ®
There are many instances when relations
d = - a , ^ ....... 3“5-7 da,
a n d
d =d^-ajTC^^Md^-oi^Cl-a, (I + fC^ M^)] TC^ M^d^   3-5- 1 O b ,
used as equalities define the behaviour of the displacements 
almost precisely. The validity of relations 3-5-1 0 are 
checked for all grids considered in Chapter two. The results 
of 2 7 typical cases are shown in figures 3-5-4 to 3-5-24.
For each case, a number of points were selected in the 
form:
(I/Io)/4 ,(1/1,)/7.5 , ,  7.5(1/!,), 4(1/!,).
Where the point (!/!,] was chosen at random for each 
case and the initial grid was considered at this point. The
analytically obtained values of deflections or rotations at 
selected points were compared with the estimated ones.
The results of comparison are shown in figures 3-5-4 to 
3-5-24.
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20.n
JOINT NUMBER ESTIMATED values OF DISPLACEMENTS IFIRST STEP)1/10=18.0 1/10=48.0 1/10=72.0 1/ 10= 108 .0 1/10=288.0E-0 3t - 1 .92E-03 1-0.0 1 -1.80E-03 (-0.0 ) -1.78E-03 (0.0 1 - 1 .76E-03 (-0.0 1 -1 .73E-03 ( -0.0 1X-R 32 -6.41E-03 10.0 1 -S.94E-03 (0.0 ) -5.84E-03 (0.0 ; -S-78E-U3 (0.0 ) -5.69E-03 (0.0 1Y-R 7 2.95E-03 10.0 ] 3.09E-03 (0.0 1 3.13E-03 10.0 ) 3 .15E-03 10.0 1 3.17E-03 10.0 )
MEMBER
I-J
rstctl IDt tlMlSCII ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)
1/10=18.0 1/10=48 .0 1/10=72.0 1/10=108 .0 1/10=288.026 -32 5 I -2.37E-01 13.4 1 -2.40E-01 (0.3 1 -2.40E-01 10.0 ) -2.40E-01 (0.3 1 -2.41E-01 (3.7 1S -8 6 I 9.9IE-03 1-0.2 ) 1.09E-02 (-0.0 1 1 .1 lE-02 (0.0 ) 1.12E-02 (-0.0 ) 1 . 1 4E-02 (-0.0 13 -A 6 1 3.01E-0Z 1-0.2 1 1 .19E-02 (-0.0 ) 8.01E-03 (0.0 ) 5.38E-03 (-0.0 ) 2.04E-03 (-0.2 )
2 -5 6 J -9.91E-03 1-0.2 1 -1 .09E-02 ( -0.0 ) -1 .1 1E-02 I 0.0 1 -1 .12E-02 ( -0.0 ) - 1.14E-02 (-0.0 1
3 -4 6 J -3.0IE-D2 (-0.2 ) - 1 .19E-02 (-0.0 ) -8 .01 E-03 (0.0 1 -5.38E-03 (-0.0 1 -2.04E-03 (-0.2 )
JOINT NUMBER ESTIMATED VALUES OF 01SPLACEMENTS (SECOND STEP)1/10=18.0 1/10=48.0 1/10=72.0 1/10=108.0 1/10=288.0Z-D 31 -1 .92E-03 (0.0 1 -1 .80E-03 (0.0 1 -1 .78E-03 (0.0 1 -1 .7BE-03 (-0.0 1 - 1.73E-03 (-0.0 1
X-R 32 -6.41E-03 (0.0 1 -S.94E-03 (0.0 ) -5.84E-03 (0.0 1 -5.78E-03 (-0.0 ) -5.69E-03 ( -0.0 1Y-R 7 2.95E-03 (-0.0 1 3.09E-03 (-0.0 1 3.13E-03 (0.0 ) 3.15E-03 (0.0 ) 3.17E-03 (0.0 I
MEMBER
l-J
Fo.cii loa iiiubmi ESTIMATED VALUES OF FORCES ANO STRESSES (SECOND STEP)
1/10=18.0 1/10= 48.0 1/10=72.0 1/10=108.0 1/10=200.0
26 -32 S 1 -2.37E-01 (0.1 ) -2.40E-01 (0.0 1 -2.40E-01 (0.0 ) -2.40E-01 (-0.0 ] -2.41E-01 1-0.0 )
S -8 6 1 9.91E-D3 (-0.0 ) 1.09E-02 (-0.0 1 1 . ! 1E-02 (0.0 ) 1 .1 2E-02 10.0 1 1 .146-02 10.0 )
3 -A 6 I 3.QIE-Q2 (0.0 1 I .19E-02 (0.0 1 8.01E-03 (0.0 1 5.3BE-03 1-0.0 1 2.34E-03 1-0.0 1
2 -5 6 J -9.91E-03 ( -0.0 ) -1.09E-02 (-0.0 1 -1 .11E-02 (0.0 ) -1 .I2E-02 (0.0 ) -1 .146-02 10.0 1
3 -4 6 J -3.01E-02 10.0 ) -1-19E-02 (0.0 ] -8.01E-03 10.0 ] -5.38E-03 (-0.0 ) -2.0-16 03 (-0.0 1
N D I E t l H E  F I G U R E S  IN 8 R R C K E I 3  R R Ë  TH E  P E R C E N T A G E  Q 1 F F E R E N C E 5  B E T W E E N  THE ESTIMflT EO  A N O  T HE  C O R R E S P O N D I N G  H N A C Y 1 IC H L L Y
OBT flIN EO V A L U E S .
riG. 3-5-4
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JOINT NUMBER ESTIMRTED VALUES OF DISPLACEMENTS IFIRST STEP)1/10=18.0 1/10=48.0 1/10=72.0 1/10= 108.0 1/10=208.0Z-D 57 -1.43E-03 1-0.0 I -1 .32E-03 (-0.0 ) -1 .29E-03 10.0 1 -1.28E-03 I-0.0 ) -I .25E-03 ( -0.0 )X-R SB -4.80E-03 10.1 ) -4.35E-03 (0.0 ) -4.Z6E-03 (0.0 1 -4.19E-03 10.0 I -4.11E-03 10.0 IY-R 9 Z.D5E-03 ID.I I 2.ZZE-03 10.0 ) 2.26E-03 (D.O ] 2.23E-03 (0.0 1 2.32E-03 10.0 )
MEMBER
I-J
It. ITRIIIIII estimated VALUES OF FORCES AND STRESSES (FIRST STEP)
1/10=18.0 1/10=48 .0 1/10=72.0 I/10=108 .0 1/10=288 .050 -58 ^ S I -Z.40E-O1 14.8 I -Z.SIE-OI 10.4 ) -2.SIE-0I (0.0 I -2.S2E-0I (0.4 1 -2.5ZE-01 IS.3 )
6 -10 6 I 6.16E-03 (-0.3 ) 7.38E-03 1-0.0 ) 7.64E-03 (0.0 I 7.82E-03 1-0.0 1 0 .OSE-03 1-0.0 )
4 -5 6 I 2.94E-02 1-0.2 I 1 . IBE-02 (-0.0 1 7.995-03 (0.0 ) 5.3BE-03 (-0.0 I 2.O4E-03 I-0.3 ]
Z -5 6 J -6.I5E-03 (-0.3 1 -7.38E-03 1-0.D 1 -7.64E-03 (0.0 I -7.82E-03 I-0.0 I -8.05E-03 1-0.0 14 -5 6 J -Z.34E-0Z 1-0.2 i -1 .18E-02 ( -0.0 1 -7.99E-03 (0.0 I -5.30E-03 1-0-0 ) -2.04E-03 1-0.3 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)1/10=18.0 1/10=48.0 1/10=72.0 1/10=108.0 1/10=288.0Z-D 57 -I .43E-03 10.0 I -1.32E-03 (0.0 ) -1 .29E-03 10.0 I -1.28E-03 (-0.0 ) - I.25E-03 1-0 .0 1X-R SB -4.80E-03 10.0 I -4.35E-G3 (D.D I -4.26E-03 (0.0 1 -4.19E-03 1-0.0 1 -4 . 1 IE-03 1-0.0 1Y-R 9 2.05E-03 (-0.0 I 2.Z2E-03 (-0.0 ) 2.2GE-03 10.0 ) 2 .Z9E-03 (0.0 I 2.3ZE-03 10.0 I
MEMBER
I-J
POttEI lot BllfOOIIl estimated values of FORCES AND STRESSES (SECOND STEP I
1/10=18.0 1/10=48.0 1/10=72 .0 1/10=108.0 1 1/10=208.0
50 -58 S I -2.48E-DI (0.1 1 -2.51E-D1 ID.O 1 -2.S1E-01 (0.0 : -2.52E-01 (-0.0 1 1 -2.52E-01 1-0.0 )6 -ID G I 6 .15E-D3 (-0.0 ) 7.38E-D3 1-0.0 1 7.64E-D3 (0.0 ) 7.82E-03 10.0 I 1 8.05E-03 10.0 )
i -S G I 2.94E-02 (0.0 1 1 .18E-02 ID.O I 7.99E-03 (0.0 ) 5.38E-03 1-0.0 ) I 2.04E-03 1-0.0 1
2 -6 5 J -6.I6E-G3 (-0.0 I -7 .3BE -03 (-D.0 1 -7.64E-03 (0.0 I -7.82E-C3 (0.0 1 I-8.05E-03 10.0 1
4 -5 G J -2.94E-02 (0.0 ) -I .I8E-02 (0.0 1 -7.99E-03 (0.0 I -5.30E-03 (-0.0 ) 1-2.04E-03 1-0.0 1
NOTEiTHE figures in brockets ore the PERCENTOCE differences between the ESTIMRTED AND THE CDRRE5P0NDING RNRLTTICOLLT 
OBTAINED VALUES.
FIG. 3 - 5-5
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ESTIMATED VALUES OF 0 I SPLflCCHENTS IflRST STEP)JOINT NUMBER 1/10=81 .0 1/10=121 .5 1/10=324 .0-8.70E-04 10.I 2SE-04 10.0 -8.16E-04 10.0 -B.09E-04 10.0 OlE-04 10.0X-R 61 -2.86E-03 I 0.1 -2.68E-D3 10.0 -2.63E-03 10.0 -2 .61E-03 (0.0 -2.57E-03 (0.01.31E-03 (0. 1 .446-03 (0.0 1 .48E-03 ( 0.0 1.SOE-03 (0.0 I .S3E-03 10.1
MEMBER estimated values OF FORCES AND STRESSES (FIRST STEP I
1/10=54.0 1/10=324.055 -51 -2.S4E-01 15 -2.57E-01 (0.5 -2.58E-01 10.0 -2 .58E-01 (0.5 -2.S9E-01 (6.6-6 4.60E-03 (0.0
59 -60 7.51E-03 (0.0
55 -61 2.03E-02 13.6 7.91E-03 10.3 5.31E-03 (0.0 3.56E-U3 10.3 1.35E-03 (4 .065 -66 -8.2BE-03 10.0 -7.95E-03 (0.0 -7.B7E-03 (0.0 -7.B2E-03 (0.0 -7.7SE-03 10.0
ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)JOINT NUMBER 1/10=54.0 1 / 1 0 = 1 2 1 . 5 1/10=324.0
2-0 66 706-04 10.0 -8.266-04 10-0 166-04 (0.0
X-R 61 -2 .866-03 10.0 -2 .686-03 10.0 -2.63E-03 10.0
1.506-03 (0.0 1.536-03 10.0
MEMBER ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP I1/10=54 .0 1/10=81 .0 1/10=121 .5 1/10=324 .055 -61 -2.546-01 10.4 -2.57E-01 10.0
I .636-02 10.1 6 .766-03 10.0
59 -60 7.90E-03 10.0 7.51E-03 10.055 -61 2.036-02 10.2 7.916-03 I 0.0 5.31E-03 I 0.065 -66 286-03 10.0 -7.956-03 (0.0 -7 .876-03 10 .0
NOIEsTHE figures in brackets ARE THE PERCENTAGE DIFFERENCES BETWEEN THE ESTIMATED ANO THE CORRESPONDING ANALYTICALLT 08TRINEO VALUES.
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)1/10*21 .6 1/10=57.6 1/10=86.4 1/10=129.6 1/10=345.6H-0 105 -1 .lOE-03 10.0 1 -9.95E-04 10.0 I -9-7IE-04 (0.0 ) -9.S5E-04 10.0 ) -9.34E-04 (0.0 )X-R 96 -3.70E-03 10.0 1 -3.Z9E-03 (0.0 ) -3.20E-03 10.0 ) -3.14E-03 (0.0 ) -3.05E-03 10.0 )r-R 10 1 .33E-03 1-0.3 1 I .5IE-03 (-0.0 ) 1.54E-03 (0-0 ) I.575-03 I-0.0 ) 1.605-03 (-0.0 )r-R IS 1.34E-03 1-0.3 1 1 .50E-03 (-0 .0 ) I .545-03 (0.0 ) I.56E-03 1-0.0 ) 1.595-03 I-0.0 )
MEMBER
I-J
PHUI tfri t f l l l H I I ESTIMATED VALUES OF FORCES ANO STRESSES (FIRST STEP 1
1/10 = 21 .6 1/10=57.5 1/10=86.4 1/10=129.6 1/10=345.686 -96 S I -2.37E-0I (5.8 1 -2.4ZE-01 10.5 ) -2.43E-D1 (0.0 ) -2.44E-01 (0.5 I -2.455-01 (6.5 )32 -37 6 1 5.08E-03 I-0.0 1 5.32E-03 I-0.0 ) 5.37E-03 10.0 ) 5.41E-03 (-0.0 I 5.455-03 I-0.0 ]48 -52 6 I 5.58E-03 I -0.1 1 5.48E-D3 (-0.0 ) 5.46E-03 (0.0 ) 5.44E-03 I-0.0 ) 5.42E-03 I-0.0 )9 -10 6 I Z.S4E-02 10.6 1 1 .D3E-02 10.0 I 7.02E-03 (0.0 ) 4 .735-03 (0 .0 I 1.805-03 (0.6 )43 -48 6 J -5.586-03 (-0.1 ) -5.48E-03 I -0.0 ) -S.45E-D3 (0.0 ) -5.44Ë-03 (-0.0 1 -5.425-03 1-0.0 )28 -32 6 J -5.08E-03 (-0.0 1 -5.31E-03 1-0.0 ) -S.37E-03 10.0 ) -5 .405-03 I -0.0 1 -S.45E-03 I-0.0 )9 -10 6 J -2.54E-02 (0.2 1 - 1 .04E-02 (0.0 ) -7.03E-03 10.0 ) -4.74E-03 10.0 I -1.81E-03 10.2 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS ISECDND SIEP)1/10 = 21 .6 1/10=57.6 1/10=86.4 1/10=129.6 1/10=345.62-0 105 -l.lOE-03 10.0 1 -9.95E-04 (0.0 ] -9.71E-04 (0.0 ) -9.555-04 (-0.0 ) -9.345-04 I-0.0 )X-R 96 -3.70E-03 10.0 1 -3.29E-03 10.0 ] -3.20E-03 10.0 ) -3. 145-03 (-0 .0 ) -3.05E-03 1-0.0 1Y-R 10 I .33E-D3 (0.0 1 1 .51E-03 (0.0 ) I.545-03 (0.0 ) I .575-03 1-0.0 ) 1.605-03 I-0.0 )Y-R IS 1.34E-03 (0.0 1 1 .5CE-03 10.0 ) I.545-03 (0.0 ) I .565-03 I-0.0 ) 1 .59P-03 (-0.0 )
MEMBER
I-J
rn c fs  ICI si.tlHSp ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10 = 21 .5 1/10=57.6 1/10=86.4 1/10=129.6 1/10=345.686 -96 S I -2.37E-0I (0.4 ) -2.42E-0I (0.0 ) -2.435-01 10.0 ) -2.44E-01 (-0.0 I -Z.45E-01 (-0.1 )32 -37 6 I S.OBE-03 : -0.0 I 5.32E-03 I-0.0 ) 5.375-03 (0.0 ) 5 .4 1 E-03 (0.0 ) 5.455-03 (0.0 )48 -52 6 I 5.58E-03 (0.0 I S.4BE-03 (0.0 1 5.465-03 (0.0 ) 5.445-03 (-0.0 I 5.42E-03 ( -0.0 )9 -10 6 I 2.54E-02 (0.0 ) 1 .03E-02 (0.0 ) 7.025-03 (0.0 1 4.735-03 (-0.0 ) 1 .805-03 ( -0.0 )43 -48 6 J -5.58E-03 (0.0 I -5.4BE-03 (0.0 ) -5.465-03 (0.0 ) -5.44E-03 1-0.0 I -S.42E-Q3 1-0.0 )28 -32 5 J -5.D8E-03 ( -0.0 I -5 .31E-03 I-0.0 ) -5.375-03 (0.0 ) -5.40E-03 10.0 ) -5.455-03 10.0 )9 -10 6 J -2.54E-GZ (-0.0 I -1.04E-02 (-0.0 ) -7.035-03 (0.0 ) -4.74E-03 10.0 I -1.815-03 (0.0 )
N O T E  : THE F I G U R E S  IN B R O C K E T S  O R E  THE P E R C E N T O G E  D I F F E R E N C E S  B E T W E E N  THE E S T I M O T E O  A N O  THE C O R R E S P O N O I N G  A N A L Y T I C A L L TO B T A I N E D  V A L U E S . FIG. 3-5-7
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP 11/10-40.5 1/10=108.0 1/10=162.0 1/10=243.0 1/10=648.0Z-D 38 -9.91E-04 10.0 1 -8.01E-04 (0.0 I -7.61E-04 (0.0 I -7.336-04 (0.0 1 -6.996-04 (-0.0 I
X-R 32 -2.QIE-03 10.6 1 -2.16E-03 (0.0 I -2 .206-03 ( 0.0 1 -2.226-03 10.0 ] -2.256-03 (0.0 Iy-R 7 Z.OOE-03 I-O.X 1 1 .02E-03 (-0.0 I 1 .78E-03 (0.0 ) 1 .756-03 1-0.0 ) 1.716-03 I-0.0 I
MEMBER
I-J
rracfk iw irtiiuii ESTIMATED VALUES OF FORCES AND STRESSES 1 FIRST STEP 1
1/10=40.5 1/10=108.0 1/10=162.0 1/10=243.0 1/10=648.0
1 -2 5 I 1.B9E-01 16.4 I 1.66E-01 (0.5 ) 1 .656-01 (0.0 ) 1 .646-01 (0.5 I 1.63E-01 (7.4 i
8 -11 5 I 4.69E-03 (-0.1 1 5.50E-03 (-0.0 I S.67E-03 (0.0 1 5 .796-03 I -0.0 I 5.936-03 I-0.0 I
25 -32 6 I 1.41E-02 [-1.1 ) 5 .B4E-Q3 (-0.1 1 3.816-03 (0.0 I 2.576-03 (-0.1 I 9.73E-04 1-1.2 )
3 -8 6 J -4.68E-G3 1-0.0 I -5.47E-03 (-0.0 ) -5.64E-03 (0.0 ) -S.76E-03 (-0.0 1 -5.906-03 (0.0 )
25 -32 5 J -1.SGE-02 (-0.9 J -5.97E-03 (-0-1 ) -4.036-03 (0.0 ) -2.716-03 (-0.1 I -1.036-03 (-0.9 I
JOINT NUMBER E5TII1ATE0 VALUES OF DISPLACEMENTS (SECOND STEP)1/10=40.5 1/10=108.0 1/10=152 .0 1/10=243.0 1/10=548.0
Z-D 38 -9.91E-Q4 (0.0 1 -8.016-04 (0.0 I -7.616-04 (0.0 1 -7 .336-04 (-0.0 ) -6.996-04 1-0.0 1
X-R 32 -Z.OlE-03 1-0.0 ) -2.16E-03 (-0.0 1 -2.206-03 (0.0 ) -2.22E-03 (0.0 1 -2.256-03 (0.0 1
y-R 7 2.00E-03 (0.0 I 1 .826-03 ( 0.0 1 1.786-03 (0.0 I I .756-03 (-0.0 1 1 .71E-C3 (-0.0 1
MEMBER
I-J Vi i.g 1 !.. ji
estimated values of forces ANO STRESSES (SECOND STEP)
1/10*40.5 1/10= 108.0 1/10=162.0 1/10=243.0 1/10=548.0
1 -2 S 1 1.69E-01 (O.I ) 1.666-01 (0.0 1 1.656-01 (0.0 1 1 .646-01 (-0.0 1 1 .636-01 (-0.0 1a -11 6 I 4.69E-03 (-0.0 I S.50E-03 (-0.0 ) 5.676-03 (0.0 I 5.796-03 (0.0 I 5.936-03 (0.0 I
25 -32 6 I I .41E-02 (0.0 1 5.64E-03 (0.0 I 3.816-03 (0.0 I 2.576-03 (-0.0 I 9.736-04 (-0.0 I
3 -8 e J -4.68E-03 (-0.0 1 -S.476-03 (-0.0 ) -5.646-03 (0.0 I -5.766-03 10.0 I -5.906-03 (0.0 )
25 -32 6 J -1 .SOE-02 (0.0 ) -5.97E-03 (0.0 I -4.03E-03 (0.0 I -2.71E-03 I-0.0 I -1 .036-03 (-0.0 1
N O T E I T H E  F I G U R E S  IN B R G C K E T S  AR E  THE P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  THE E S T I M A T E D  A N D  THE C O R R E S P O N D I N G  A H R L Y I I C A L L T
O B T A I N E D  V A L U E S .
FIG. 3 - 5-8
112
(XXX>
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP 11/10 = 9.7 1/10=25.9 1/10=38.8 1/10 = 58 .3 1/10=155.4
Z-0 38 -6.97E-04 10.0 I -6.8SE-Q4 (0.0 1 -6.836-04 (0.0 1 -6.816-04 (0.0 1 -6.796-04 (0.0 )X-R 32 -2.43E-03 10.0 1 -2.34E-03 (0.0 1 -2.316-03 (0.0 1 -2.306-03 (0.0 1 -2.286-03 (0.0 1Y-R 7 I .79E-03 10.1 1 1.73E-03 (0.0 1 I .726-03 ( 0.0 I 1 .71 E-03 (0.0 1 I.706-03 (0.0 1
MEMBER
l-J
ina. ESTIMRTED VALUES OF FORCES AND STRESSES 1 FIRST STEP 1
1/10=9 .7 1/10 = 25 .9 1/10=38.8 1/10=58.3 1/10=155.46 -7 S I -1.26E-0I 15.2 1 -l.ZOE-OI (0.4 1 -I.286-01 (0.0 I -1 .296-01 10.4 1 -1.296-01 (5.8 1B -11 6 I S.71E-03 1-0.1 1 5.90E-03 (-0.0 1 5.946-03 10.0 ! 5.976-03 (-0.0 1 6.006-03 (-0.0 118 -25 6 I 9.I4E-03 11.2 1 3.65E-03 (0.1 1 2.476-03 (0.0 1 1 .666-03 (0.1 1 6.306-04 (1.2 13 -8 6 J -5.65E-03 1-0.0 1 -5.85E-03 (-0.0 1 -5.90E-03 (0.0 1 -5.93E-03 10.0 1 -5.976-03 (0.0 125 -32 6 J 1 .40E-02 11.6 1 5.58E-03 (0.1 1 3.766-03 (0.0 1 2.536-03 (0.1 1 9.596-04 11.6 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS 1 SECOND STEPI1/10=9.7 1/10=25.9 1/10=38.8 1 1/10=58.3 1/10=155.42-0 38 -5.97E-04 10.0 1 -6.85E-04 (0.0 1 -6.036-04 (0.0 1 -6.81E-04 (-0.0 1 -6.79E-04 (-0.0 1X-R 32 -2.43E-03 10.0 1 -2.34E-D3 (0.0 ) -2.316-03 (0.0 1 -2.306-03 1-0.0 I -2.206-03 (-0.0 1Y-R 7 1 .79E-03 10.0 1 1 .73E-03 (0.0 1 1.726-03 (0.0 1 1 I.716-03 I-0.0 1 1.706-03 (-0.0 1
MEMBER
I-J
men .01 1.1111111 ESTIMATED VALUES OF FORCES ANO STRESSES (SECOND STEP 1
1/10=9.7 1/10=25.9 1/10=38.8 1/10=58.3 1/10=155.4
6 -7 5 I -1.2BE-01 (0.3 1 -I.28E-0I (0.0 1 -1.286-01 (0.0 1 -1.296-01 1-0.0 1 -1.296-01 1-0.1 18 -11 6 I S.7IE-03 1 -0.0 1 5.906-03 (-0.0 1 5.946-03 (0.0 I 5.976-03 10.0 1 6.006-03 10.0 1IB -25 6 1 9.14E-03 (0.1 1 3.BSE-03 (0.0 1 2.476-03 (0.0 1 1.656-03 (-0.0 1 6.306-04 1-0.0 1
3 -8 5 J -5.55E-03 I-Ü.0 I -5.85E-03 (-0.0 1 -5 .906-03 ( 0.0 1 -5 .936-03 ( 0.0 1 -5.976-03 (0.0 125 -32 6 J I.40E-02 10.2 J 5.SBE-03 (0.0 I 3.766-03 (0.0 1 2.536-03 (-0.0 1 9.596-04 (-0.1 1
N O T E i THE F I G U R E S  IN DRRCrtETS AR E  THE P E R C E N T A G E  D I F F E R E N C E S  O E T H E E N  THE E S T I M A T E D  A N D  THE C D R R E S P O H D I  N O  A N A I Y I I C A l l Y
O B T A I N E D  v a l u e s .
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JOINT NUMOER ESTIMATED VRLUES OF DISPLACEMENTS (FIRST STEP)1/10'1.8 1/10=4.8 1/10=7.2 I/IO»10.8 1/10=28.0Z-D 38 -I.55E-03 10.0 1 -I.S2E-03 (-0.0 ) -I .516-03 (0.0 ) - I.506-03 (-0.0 ) -1 .496-03 (-0 .0 IX-R 32 -4.20E-03 (0.2 ) -3.92E-03 (0.0 I -3.856-03 (0.0 ) -3.606-03 (-0.0 ) -3.726-03 (-0.0 )Y-R 7 3.HE-03 10.3 1 2.97E-03 10.0 ) 2.926-03 (0.0 ) 2.096-03 (0.0 ) 2.856-03 (0.0 I
MEMBER
I-J
roïcil itt ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)1/10=1 .0 1/10=4.6 1/10=7.2 1/10=10.8 1/10=28.831 -38 S I 2.00E-DI (-0.0 1 2.00E-0I (-0.0 I 2.006-01 (0.0 ) 2.006-01 1-0.0 ) I.996-01 (-0.0 I31 -36 6 I I .70E-02 (0.0 I I .69E-02 (D .0 1 1 .696-02 (0.0 ) 1 .696-02 (0.0 ) 1 .586-02 (0.0 )10 -25 6 I 3.52E-02 (2.5 ) 1.65E-02 (0.2 ) 1 .166-02 (0.0 ) 8.056-03 10.1 ) 3. 186-03 I I .7 )31 -38 6 J -2.98E-02 (0.0 ) -2.90E-O2 (0.0 I -2.986-02 (0.0 ) -2.986-02 (0.0 ) -2.976-02 (0.0 I25 -32 6 J 5.09E-02 IS.2 ) 2.3IE-D2 (0.4 I 1.626-02 10.0 ) I .12E-02 10.3 ) 4 .416-03 (4.1 I
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)1/10= I .8 1/10=4.8 1/10=7.2 1/10=10.8 1/10=28.8Z-0 30 -I.55E-03 (0.1 ) -I .52E-03 (0.0 ) -I.516-03 (0.0 ) -I .506-03 (-0.0 ) -1 .496-03 (-0.0 IX-R 32 -4.20E-D3 (0.2 ) -3.92E-03 (0.0 ) -3.856-03 (0.0 ) -3.806-03 (-0.0 ) -3.726-03 l-D.O )Y-R 7 3.HE-03 (0.2 ) 2.97E-03 (0.0 ) 2.926-03 (0.0 ) 2.896-03 (-0.0 ) 2.056-03 (-0.0 )
MEMBER
I-J
rnui ESTIMRTED VALUES OF FORCES AND STRESSES (SECOND STEP)1/10=1 .8 1/10=4.0 1/10=7.2 1/10»10.a 1/10=20.031 -30 S I 2.00E-01 (0.0 ) 2.00E-0I 10.0 ) 2.006-01 (0.0 1 2.006-01 (-0.0 ) I.996-01 (-0.0 )31 -36 6 I I .70E-02 I 0.0 ) I.696-02 (0.0 ) 1.696-02 (0.0 I I.696-02 1-0.0 ) I.686-02 1-0.0 I18 -25 6 I 3 .S2E-02 I I.0 ) 1 .656-02 (0.0 I 1.166-02 (0.0 I 8.056-03 1-0.0 ) 3.(66-03 (-0.6 )31 -30 6 J -2.90E-O2 10.0 ) -2.986-02 (0.0 1 -2.986-02 (0.0 1 -2.906-02 1-0.0 I -2.976-02 (-0.0 )25 -32 6 J 5.09E-02 12.0 ) 2.316-02 (0.0 1 I.626-02 (0.0 I 1 .126-02 (-0.0 ) 4.416-03 I - I.I )
N O J E i I H E  F I G U R E S  IN 8 R R C K E T S  A R E  THE P E H C E N T R G E  O I F F E R E N C E S  O E T H E E N  THE E S T I M R T E D  R H O  THE C O R R E S P O N D I N G  H H B L T T I C R L L ÏO Q T R I N E D  V R L U E S .
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JOINT NUMBER ESTIMATED VRLUES OF DISPLACEMENTS (FIRST STEP)1/10*63.0 1/10= 168.0 1/10=252.0 1/10=378.0 1/10=1008.0
Z-G 130 -5.07E-04 1-0.1 I -3.84E-04 (-0.0 ) -3.57E-04 (0.0 ) -3.396-04 I-0.0 ) -3.166-04 I-0.0 1
X-R IZl -8.22E-04 (0.4 1 -9.14E-04 (0.0 ) -9.346-04 (0.0 I -9.486-04 (0.0 ) -9.666-04 (0.0 I
X-R IZZ -B.26E-04 (0.4 ) -9.04E-04 (0.0 ) -9.21E-D4 10.0 ) -9.346-04 (0.0 1 -9.496-04 (0.0 )Y-R 10 1.05E-03 (-0.5 1 0.90E-04 (-0.0 I a.536-04 (0.0 ) 8.28E-04 (-0.0 1 7.966-04 I-0.1 I
MEMBER
l-J
rBtll 1C. ITIIIICII ESTIMATED VRLUES OF FORCES AND STRESSES (FIRST STEP)
1/10*53.0 1/10=168 .0 1/10=252 .0 1/10=378.0 1/10=1003.0
1 -11 S I 1.95E-01 (3.4 ) 1.99E-01 (0.3 ) 2.006-01 (0.0 1 2.016-01 (0.3 1 2.02E-01 (3.5 1
Itl-lZl 6 1 1 .OSE-02 (-0.8 1 4.22E-03 (-0.1 ) 2.866-03 (0.0 ) 1.926-03 (-0.1 ) 7.316-04 (-0.9 T
119-120 0 1 2.54E-03 (0.4 ) 2.7GE-03 (0.0 ) 2.736-03 (0.0 ) 2.75E-03 (0.0 ) 2.786-03 (0.0 1
111-121 6 J -1.0ËE-02 (-0.5 ) -4.27E-03 (-0.0 ) -2.896-03 (0.0 ) -I .946-03 ( -0. 1 ) -7 .386-04 (-0.7 1
129-130 6 J -2.59E-03 (0.4 1 -2.74E-03 ( 0.0 1 -2 .786-03 ( 0.0 I -2.BQE-03 10.0 ) -2.836-03 (0.0 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)1/10=63.0 1/10= 168.0 1/10=252.0 1/10=378.0 1/10=1000.0
Z-0 130 -5.07E-04 (0.0 ) -3.84E-04 (0.0 ) -3.576-04 (0.0 I -3.396-04 (-0.0 ) -3.166-04 (-0.0 1
X-R IZI -0.22E-04 ( -0.0 I -9.14E-04 (-0.0 ) -9.346-04 (0.0 ) -9.486-04 (0.0 ) -9.666-04 (0.0 1
X-R 122 -8 .2GE-04 ( -0 .0 ) -9.Q4E-04 (-0.0 ] -9.21E-04 (0.0 ) -9.346-04 (0.0 ) -9.496-04 (0.0 1
Y-R 10 1 .05E-03 (0 .0 ) 8.90E-04 (0.0 ) 8.536-04 (0.0 1 8 .286-04 (-0 .0 ) 7.956-04 (-0.0 I
MEMBER
l-J
.DtlCI ICC 11.111111 ESTIMRTED VRLUES OF FORCES AND STRESSES (SECOND STEP)
1/10=63.0 1/10=168.0 1/10=252.0 1/10=378.0 1/10= 1008 .0
1 -II S I 1.95E-01 (0.4 1 1.99E-01 (0.0 ) 2.006-01 (0.0 I Z.OlE-01 (-0.0 ) 2.026-01 (-0.1 I
111-121 6 I I .05E-02 (0.0 ) 4.22E-03 (0.0 ) 2.856-03 (0.0 ) 1 .926-03 1-0.0 ) 7.316-04 (-0.0 I119-120 6 1 2.S4E-03 (-0.0 ) 2 .70E-03 (-0.0 ) 2.736-03 (0.0 1 2.756-03 (0.0 1 2.706-03 (0.0 1
111-121 6 J -1.06E-02 (0.0 ) -4.27E-03 (0.0 ) -2.096-03 (0.0 ) -1 .946-03 (-0.0 ) -7.336-04 I-0.0 1
129-130 6 J -2.S9E-03 ( -0.0 ) -2.746-03 1-0.0 ) -2.786-03 (0.0 ) -2.806-03 (0.0 ) -2.836-03 (0 .0 )
NOIEiIHE FIGURES [N BRHCKEIS ARE IKE PERCENtAGE OIFFERENCES BEIHEEN THE E5TII1AIE0 ANO THE CORRESPONDING ANAIYI ICALLY 
OBTAINEO VRLUES.
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IG'A
I n.i-J„a
JOINT NUMBER ESTIMATED VALUES OF 01SPLACEMENTS IFIRST STEP)1/10*37.1 1/10-99.0 I/IO- 148.5 1/10-222.7 I/I0-594.0H-G 32 -1.25E-03 ID.O 1 -9.71E-04 10.0 1 -9.15E-04 10.0 ) -8.77E-04 10.0 1 -B.28E-04 10.0 1
X-R 29 -2.4IE-03 I-0.4 ) -2.56E-03 1-0.0 ) -2.S9E-03 10.0 I -2.61E-03 1-0.0 ) -Z .64E-03 1 -0 .0 1T-R 4 2.66E-03 10.3 ) 2.32E-03 (0.0 1 2.25E-03 10.0 1 2.21E-03 10.0 1 2.1SE-03 10.0 1
MEMBER
I-J
rcmi IB* iniiscil estimated values of FORCES AND STRESSES IFIRST STEP 1
1/10=37.1 1/10-99.0 1/10-148.5 1/10-222.7 I/I0-594.0
1 -B 5 I I.BGE-OI 14.4 1 I.B2E-01 10.3 1 I.82E-D1 10.0 1 1.81E-01 10.4 1 i.aOE-01 14.8 1I -S G I -5.22E-03 10.7 1 -G.61E-03 10.0 ) -6.91E-03 10.0 1 -7.11E-03 10.0 1 -7.36E-03 10.0 1
5 -8 6 I 6.16E-G3 1-0.0 1 G.05E-03 1-0.0 ) 7.11E-03 10.0 1 7.22E-03 1-0.0 1 7.35E-03 1-0.0 )22 -29 6 I 1 .87E-02 10.S 1 7.19E-03 10.0 1 4.81E-03 10.0 ] 3.22E-03 10.0 1 1 .21E-03 10.5 1
2 -5 G J -6. lGE-03 1-0.0 ) -6 .95E-03 1-0.0 1 -7.11E-03 10.0 ) -7.22E-03 1-0.0 1 -7.35E-03 1-0.0 122 -29 6 J -1.90E-02 10.8 ) -7.S9E-03 10.1 1 -S.OOE-03 10.0 ) -3.39E-03 10.1 1 - 1 .28E-03 10.8 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)1/10=37.1 I/I0-99.0 I/I0-148.5 1/10-222.7 I/10-S94 .0
Z-0 32 -1 .25E-03 10.0 ) -9.71E-04 10.0 ) -9.15E-04 10.0 1 -0.77E-04 1-0.0 1 -8 .2BE-04 1-0.0 1X-R 29 -2.41E-03 I -0.0 1 -2.56E-03 1-0.0 ) -2.59E-03 10.0 1 -2.61E-03 (0.0 1 -2.64E-03 10.0 1Y-R 4 2.65E-03 10.0 1 2.32E-03 tO.O 1 2.25E-03 10.0 1 2.21E-03 1-0.0 1 2.I5E-03 1-0.0 1
MEMBER
I-J
BHCII IBB IlifllBII ESTIMATED VALUES OF FORCES AND STRESSES 1 SECOND STEPII/I0-37 .1 1/10-99.0 I/IO- 146.5 1/10-222 .7 I/I0-594.0I -B S I I.06E-01 10.0 1 1.82E-0I 10.0 ) 1 .82E-01 10.0 1 I.BlE-01 1-0.0 ) l.BOE-01 1-0.0 1
1 -5 6 I -5.22E-03 1-0.0 1 -6.61E-03 1-0.0 1 -G.91E-03 10.0 1 -7.11E-03 10.0 1 -7.36E-03 10.0 I5 -8 G I G. I6E-03 1-0.0 1 6.95E-03 1-0.0 1 7.1lE-03 (0.0 1 7.22E-03 10.0 1 7.35E-03 10.0 122 -29 6 I I .B7E-02 1 0.0 1 7.13E-03 10.0 J 4 .OlE-03 10.0 1 3 .22E-03 1 -0.0 1 1 .21E-03 1-0.0 12 -5 6 J -6.16E-03 I-0.0 1 -6 .95E-03 1 -0 .0 1 -7.11E-03 10.0 1 -7.22E-03 10.0 1 -7.35E-D3 10.0 122 -29 6 J -I .90E-D2 10.0 I -7.59E-03 10.0 ) -5.08E-03 10.0 1 -3.39E-03 1-0.0 I - 1 .28E -03 1-0.0 )
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP)1/10=6.7 1/10=18.0 1/10 = 27 .0 1/10=40.5 1/10=100.0
Z-0 32 -4.07E-03 (0.1 ) -2.79E-03 (-0.0 ) -2.49E-03 (0.0 ) -2.296-03 1-0.0 ) -2.016-03 I-0-0 )
X-R 29 -2.91E-G3 (-8.5 1 -4.05E-03 (-0.2 ) -4.26E-03 (0.0 ) -4 .416-03 (-0.1 ) -4.506-03 (-0.4 )
X-R 30 -4.15E-03 1-4.1 ) -4.42E-03 (-0.1 ) -4.46E-03 (0.0 ) -4.476-03 (-0.1 ) -4.406-03 1-0.3 )
Y-R 11 6.54E-03 12.S 1 4.47E-03 (0.1 I 4.02E-03 10.0 1 3.71E-03 (0.1 ) 3.32E-G3 (0.4 1Y-R 18 S.95E-03 (2.0 1 4.27E-03 (0.1 1 3.90E-03 10.0 1 3.656-03 (0.0 I 3.326-03 (0.3 )
MEMBER
I-J '™‘ . .....
ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)
1/10=6.7 1/10=18.0 1/10=27.0 1/10=40.5 1/10»108.0
20 -32 S I 2.50E-QI (0.0 ) 2.50E-01 (0.0 ) 2.50E-0I (0.0 ) Z.SOE-OI 1-0.0 ) 2.506-01 (-0.0 )28 -31 6 I 2.93E-D2 1-0.2 ) 2.66E-02 (-0.0 ) 2.59E-02 (0.0 ) 2.546-02 (-0.0 ) 2.48E-02 (-0.0 I22 -29 G I 1.03E-01 (2.3 ) 4.2BE-02 (0.2 I 2.926-02 (0.0 ) 1.98E-02 10.2 ) 7.58E-03 12.2 )
28 -32 6 J -4.44E-02 (-0.2 ) -4. 14E-02 1-0-0 1 -4.07E-D2 (0.0 ) -4.026-02 (-0.0 I -3.9SE-02 (-0.0 )
22 -29 G J -1.15E-01 13.8 I -4.59E-02 (0.3 1 -3.19E-0Z (0.0 ) -2.166-02 (0.3 ) -8.236-03 (3.9 1
JOINT NUMBER ESTIMATED VRLUES OF DISPLACEMENTS (SECOND STEP I1/10=6.7 1/10=18.0 1/10=27.0 1/10=40.5 1/10»100.0
2-0 32 -4.07E-03 (0.2 ) -2.79E-03 (0.0 ) -2.49E-03 (0.0 ) -2.296-03 (-0.0 ) -2.01E-03 (-0.0 )
X-R 29 -2.91E-03 1-0.3 ) -4 .Q5E-03 (-0.0 ) -4.266-03 10.0 ) -4 .41 E-03 (0.0 ) -4 .506-03 (0.0 )
X-R 30 -4.15E-03 (-0.1 ) -4 .42E-03 (-0.0 I -4.46E-03 (0.0 ) -4 .476-03 (0.0 ) -4.4BE-03 (0.0 )Y-R 11 6.54E-03 1 0.3 ) 4.47E-03 (0.0 ) 4.026-03 (0.0 ) 3.716-03 (-0.0 ) 3.326-03 (-0.0 )Y-R IB 5.95E-03 (0.2 I 4.27E-03 (0.0 1 3.90E-03 (0.0 ) 3 .656-03 1-0.0 ! 3.326-03 l-D.O )
MEMBER
I-J
men ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10=6.7 1/10=18.0 1/10=27.0 1/10=40.5 1/10=108.0
28 -32 S I 2.50E-Q1 (-0.0 ) 2.5DE-01 (0.0 ) 2.50E-01 (0.0 ) 2 .506-01 10.0 ) 2.50E-01 1-0.0 )
28 -31 6 1 2.93E-02 (0.1 ] 2.65E-02 10.0 I 2.S9E-02 (0.0 ) 2.546-02 (-0.0 ) 2 .486-02 I-0.0 )
22 -29 6 I 1.03E-01 10.3 ) 4.28E-Q2 (0.0 ) 2.926-02 (0.0 1 1 .906-02 (-0.0 1 7.586-03 (-O.I )
23 -32 6 J -4.44E-02 (0.0 ) -4 .14E-02 10.0 ) -4.076-02 (0.0 n -4.026-02 (-0.0 1 -3.956-02 1-0.0 )
22 -29 6 J -1.15E-01 (0.3 ) -4.B9E-D2 (0.0 ) -3.196-02 10.0 I -2 . 156-02 ( -0 .0 ) -8.236-03 1-0.1 )
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24.A
:/KLfl.
I  A
(lo)-----(m)-------------- -----(5^---- ^0)----------- (bo)--- (9^— 0^0)-----(mo)---- (0)---
(p— ® — ® — 0 — © — © — ® — © — © — ® — © — 0 — 0
( p -------- ( i p ----- (m ) -------( ^ -------0 ------- (s p ------ (e p --------0 ------- (o p — -(o p — ( 0 ) -------( 0 ) ------( 0 )
C )— 0— ©— ©— ©— ©— ©— ©— ©— ©— 0— (' )—  ^j)
0 — 0 — 0— 0 — 0 — 0 — 0 — 0 — 0 — 0 — 0— 0— 0 
© — 0 — 0 — 0 — 0 — 0 — 0 — 0 — 0 — 0 — © — Ml— M
0— 0— 0— 0— 0— 0— 0— 0— 0— 0— 0— 0— 0
© — 0 — 0 — 0 — 0 — 0 — (@— 0 — 0 — 0 — 0 — 0 — 0
0— 0— 0— 0— 0— 0— 0— 0— 0— 0— 0— 0—0 
d)— (m)— 0 — © — © — © — © — © — © — ©•— © — 0 — ©
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP)1/10= 19.3 1/10=51. 3 I / 10=77 .0 1/10=115.5 1/10=300.0
Z-D 130 -1.17E-03 1-0.6 1 -B.94E-04 1-0.0 1 -0.29E-04 10.0 1 -7.83E-04 l-G.O 1 -7.Z4E-04 1-0-2 )
X-R IZI -1 .57E-03 11 .3 1 -1 .92E-03 10.0 1 -2.01E-03 10.0 1 -2.07E-03 10.0 ) -2.15E-03 10.1 1
Y-R 10 2.34E-03 1-4.2 1 Z.03E-03 1-0-2 1 1 .94E-03 I 0.0 1 1 .B8E-03 1-0.1 ) 1.79E-03 1-0.6 1
MEMBER
l-J
rD ic ii iQi i t i l f t t i ) ESTIMATED VALUES OF FORCES AND STRESSES IFIRST STEP 1
1/10=19.3 1/10=51. 3 1/10=77.0 1/10=115.5 1/10=308.0
I -1 1 S I 1.91E-01 12.5 1 2.08E-01 10.1 1 2.:3E-Ol 10.0 1 2.17E-C1 10.0 ) 2.22E-01 10.0 1
111-121 6 I Z.98E-02 1-2.5 1 1.2BE-02 1 -0 . 3  ) 8.0CE-03 10.0 ) 6.00E-03 1-0.3 1 2.32E-03 1-4.1 1129-130 6 I 4 .66E-03 11.2 1 5 .71E-03 10.0 1 5.96E-03 10.0 1 6.13E-03 10.0 1 6.37E-03 10.1 )111-121 6 J -2.98E-D2 1-2.6 1 -1 .29E-D2 1-0.3 1 -8.87E-.73 10.0 ) -B.05E-03 1-0.3 1 -2.34E-03 1-4.1 1129-130 B J -4.72E-03 I 1.2 1 -S.7BE-03 10.0 1 -6.03E-0J 10.0 1 -6.21E-03 10.0 1 -5.44E-03 10.1 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS 1 SECOND STEP)1/10=19.3 I/I0=S1.3 1/10=77.0 1/10=115.5 1/10=308.0Z-D 130 -I.17E-03 10.3 1 -8.94E-04 ID.O 1 -8.29E-04 10.0 ) -7.83E-04 l-Q.Q 1 -7.24E-04 1-0.0 1
X-R 121 - 1 .57E-03 1-0.2 ) -1.92E-03 l-D.O D -2 .01 E-03 10.0 1 -Z.07E-03 10-0 I -2.I5E-03 10.0 )Y-R 10 2.34E-03 10.2 1 2.D3E-D3 10.0 ) 1.94E-03 10.0 1 1.8BE-03 1-0.0 1 1.79E-03 1-0-0 )
MEMBER
I-J
roicei la i im t ll ta i ESTIMATED VALUES OF FORCES AND STRESSES 1 SECOND STEP)
1/10= 19.3 1/10=51. 3 1/10=77.0 1/10=115.5 1/10=308 .0
1 -11 S I 1 .91E-01 1 1 .9 ) 2.08E-01 10.0 1 2.13E-01 10.0 1 2.17E-01 1-0.0 1 2.22E-01 1-0.7 1
111-121 6 I 2.96E-02 10.6 ) 1 .20E-02 10.0 1 8.80E-03 10.0 ) 8.00E-G3 1-0.0 1 2.3ZE-03 1-0.2 )129-130 6 I 4.B6E-03 1-0.3 1 5.71E-03 I-O.O 1 5.96E-03 10.0 ) 6.13E-03 10.0 1 6.37E-03 10.0 )111-121 6 J -2.98E-02 10.6 1 -1.29E-02 10.0 1 -8.87E-03 10.0 1 -5.0SE-03 1-0.0 1 -2.34E-03 1-0.2 1129-130 6 J -4 .72E-03 1 -0 . 3  1 -5.7BE-03 1-0.0 1 -6.03E-03 10.0 1 -5.21E-03 I 0.0 1 -6.44E-03 10.0 )
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEPI1/10=3.9 1/10=10.4 1/10*15.6 1/10=23.3 1/10=62 .2Z-0 130 -7.28E-04 [-0.1 I -7.04E-04 I-O.O 1 -6.99E-04 10.0 I -6.95E-04 I-O.O 1 -5.90E-04 1-0.0 1X-R IZl -2.44E-03 1-0.0 1 -2.3OE-03 I-0.0 1 -2.27E-03 I 0.0 1 -2.Z5E-03 I-O.O 1 -2.22E-03 I-O.O 1Y-R 10 1.84E-03 10.3 1 I.77E-03 I 0 .0 1 1 .76E-03 10.0 1 1 .75E-03 ID.O ) I.73E-03 I 0.0 1
MEMBER
I-J
*4tct4 144 4tntS)Clt ESTIMATED VALUES OF FORCES ANO STRESSES IFIRST STEP 1
1/10=3.9 1/10=10.4 1/10=15.6 1/10=23.3 1/10=62 .2I II-IZI S I -1.44E-01 17.8 1 -1.50E-0I 10.6 1 -1.S2E-01 I 0.0 1 -1.53E-01 I 0.7 1 -1.546-01 19.1 1111-121 6 1 -1.87E-02 I-1 .9 1 -8.19E-03 1-0.2 1 -5 .66E-03 I 0.0 I -3.86E-03 1-0.2 1 - I.496-03 (-2.5 1129-130 6 I 6.59E-03 I-O.O 1 6.55E-03 I-0.0 I 6.S4E-03 ID.O ! 6.S3E-03 I-O.O 1 6.52E-03 I-O.O 1111-121 6 J 3.5IE-Q2 12,6 1 1.46E-02 10.2 1 9.99E-03 (0.0 1 6.77E-03 (0.2 1 2.596-03 12.4 1129-130 6 J -6.55E-D3 I-O.O 1 -6.62E-Q3 (-0.0 1 -B.61E-03 I 0.0 I -6 .BOE-03 I-0.0 ) -6.606-03 (-0.0 1
JOINT NUMBER ESTIMATED VRLUES OF DISPLACEMENTS ISECDNO STEP 11/10=3.9 1/10=10.4 1/10=IS.6 1/10=23.3 1/10=62 .2Z-0 130 -7.28E-D4 ID.O 1 -7.04E-04 I 0.0 I -6.99E-04 10.0 1 -6.95E-04 I-O.O I -6.906-04 (-0.0 IX-R 121 -2.44E-D3 I 0.0 1 -2.3QE-D3 10.0 1 -2.27E-03 10.0 I -2.25E-03 I-O.O I -2.226-03 I-O.O 1Y-R 10 1.84E-D3 I 0.0 I 1 .77E-03 I 0.0 1 I.76E-03 10.0 ) 1 .756-03 1-0.0 1 1 .736-03 I-b .0 I
MEMBER
I-J .1 1.4 I .»  J.
ESTIMRTED VALUES OF FORCES AND STRESSES ISECONO STEP I
1/10=3.9 1/10=10.4 1/10= 15.5 1/10=23.3 1/10=62 .2111-121 S I -I.44E-01 II.3 1 -l.SOE-OI 10.0 1 -1.52E-01 10.0 ) -1 .53E-01 I-O.O J -I.546-01 1-0.5 1111-121 6 I -I.87E-D2 10.1 1 -8.I9E-D3 tO.O 1 -5.66E-03 (0.0 1 -3.B6E-03 1-0.0 1 -I .496-03 I-0.0 1129-130 6 I 6.59E-03 ID.O I 6.55E-D3 ID.O 1 6.54E-03 10.0 I 6.536-03 I-O.O I 6.526-03 I-O.O 1111-121 6 J 3.5IE-02 10.6 1 I.4BE-D2 ID.O 1 9.99E-03 10.0 1 6.77E-03 I-O.O 1 2.596-03 I-0.2 I129-130 6 J -6 .65E-03 I 0 ,0 I -6.62E-03 ID.O 1 -6 .61 E-03 1 0.0 I -6.60E-03 I-O.O 1 -6.606-03 (-0.0 1
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1 0 .n
JOINT NUMBER ESTIMATED v a l u e s  OF DISPLACEMENTS IFIRST STEP)1/10=20.7 1/10=55.3 1/10=83.0 1/10=124.5 1/10=332.0
Z-0 13 -8.07E-O4 10.0 1 -6.88E-04 1-0.0 I -6.46E-Q4 10.0 1 -6.I8E-04 1-0.0 I -S-B2E-04 1-0.0 )
X-R 7 -1.96E-D3 1-0.1 1 -I.B7E-03 1-0.0 I -1 .85E-D3 10.0 1 -I.84E-03 1-0.0 ) -I.83E-03 1-0.0 )
X-R 11 -2.0IE-03 1-0.0 ) - I .BSE-03 1-0-0 1 -1.82E-03 10.0 1 -I.80E-03 1-0-0 ) -I.77E-03 1-0.0 I
Y-R 4 I.75E-03 10.0 1 I .42E-03 10.0 1 I.3GE-03 10.0 1 I -31E-03 10.0 ) I.2SE-03 10.0 1
MEMBER
I-J
pcecil tct lllllttli ESTIMATED VALUES OF FORCES AND STRESSES IFIRST STEP)
1/10=20.7 1/10=55.3 1/10=83.0 1/10= 124 .5 1/10=332.0
1 -3 S I I .I8E-0I 15.4 ) 1.15E-0I 10.4 ) l.ISE-Ol 10.0 1 I.tSE-OI 10-4 I I.I4E-0I 16-1 )
1 -2 G 1 -4 .43E-03 I I .1 1 -5.99E-03 10.0 ) -6.33E-03 10.0 I -6.56E-03 10.0 ) -6-86E-03 10.0 I
2 -3 6 I 5.05E-O3 1-0.3 1 6.50E-03 1-0-0 ) G.G3E-03 10.0 I 5.72E-03 1-0.0 1 6.84E-03 1-0.0 )
7 -10 6 I I.78E-02 10.I ) 6.95E-03 10.0 ] 4.60E-O3 10.0 I 3.14E-03 10.0 1 1 .I9E-03 1O.I )
9 -13 6 J -6.26E-03 10.0 1 -5.50E-03 10.0 I -S.34E-03 10.0 ) -5.23E-03 10.0 1 -5.09E-03 10.0 )
4 -S 6 J -4 .93E-03 1-0.2 ) -5.07E-03 1-0.0 I -5.08E-03 10.0 1 -5.09E-03 1-0.0 ) -S.lIE-03 1-0.0 )
7 -ID 6 J -I .78E-0Z 10.1 ) -6.96E-03 10.0 ) -4.68E-03 10.0 ) -3.I4E-03 10.0 I -I .I9E-03 lO-I )
JOINT NUMBER e s t i m a t e d  v a l u e s OF DISPLACEMENTS 1 SECOND STEP)1/10=20.7 1/10=55.3 1/10=83.0 1/10=124 .5 1/10=332.0
Z-0 13 -8.B7E-04 10.0 1 -6.B8E-Q4 ID.O I -6.46E-04 10.0 I -6.18E-04 1-0.0 ) -5-82E-04 1-0.0 1
X-R 7 -t.9BE-03 10.0 I -1 .87E-03 10-0 ) -I.85E-03 10.0 I -1 .84E-03 1-0.0 ) -I -83E-03 1-0.0 1
X-R It -2.DIE-03 10.0 I -1 .85E-03 1 0 .0 I -I .0ZE-Q3 10.0 1 - 1 .80E-03 1-0 .0 1 -I .77E-03 1-0.0 I
Y-R 4 I.75E-03 10.0 1 1 .4ZE-03 1 0.0 I I.36E-03 10.0 I I -3IE-03 1-0.0 1 1 .25E-03 1-0 .0 1
MEMBER
I-J
rncit in liitlltli ESTIMATED VALUES OF FORCES AND STRESSES 1 SECOND STEP)
1/10=20.7 1/10=55.3 1/10=83-0 1/10=124.5 1/10=332.0
I -3 S I I.IOE-Ot 10-0 1 1.15E-0I 10.D ) 1.I5E-01 10.D 1 1.15E-01 1-0.0 ) 1.14E-01 1-0.0 1
I -2 6 I -4.43E-03 1-0.0 ) -5 .99E-03 1-0.0 I -6.33E-03 10.0 I -6.SBE-03 10.0 ) -6.0BÊ-03 10.0 1
2 -3 6 I 5.85E-03 1-0.0 ) 6.50E-Q3 1-0.0 1 5 -63E -03 1 0 .0 1 S.72E-03 10.0 ) C.64E-03 10.0 1
7 -10 G I I.70E-D2 10.0 I 6.9BE-03 10.0 1 4.68E-03 10.0 1 3-14E-03 1-0.0 ) 1.I9E-Û3 1-0.0 1
9 -13 6 J -6.26E-03 10.0 1 -5.50E-03 10.0 ) -5.34E-Q3 10.0 1 -5.23E-Q3 1-0.0 ) -5.09E-03 1-0.0 I
4 -5 6 J -4.99E-03 1-0.0 I -5.07E-03 1-0.0 ) -5.0BE-03 ID.O ) -5.09E-03 10.0 ) -5.11E-03 10.0 )
7 -10 6 J -I.78E-02 10.0 1 -G.96E-03 10.0 I -4.6BE-03 10-0 ) -3 .14E-03 1-0.0 ) - I.19E-03 1-0.0 )
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Ho. In
14.n
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP 11/10=20.7 1/10=55.3 1/10=83-0 1/10= 124 .5 1/10=332.0
Z-0 21 -7.2IE-04 (0.0 I -5.29E-04 10.0 1 -4.88E-04 10.0 1 -4.B0E-04 (0.0 I -4.Z5E-04 (0.0 1
X-R 13 -I-47E-03 (-0.1 I -1.39E-03 1-0.0 1 - 1 .38E-03 10 3 1 -I.36E-03 (-0.0 1 -I.35E-03 I-0 .0 I
X-R 18 -1.54E-03 (-0.1 1 - I . 40E-03 1-0.0 ) -I.37E-03 10.0 ) -1 .3SE-03 1-0.0 ) - I .33E-03 1-0.0 1
Y-R 4 1.39E-03 (0.0 1 1 .OlE-03 10.0 1 9.30E-04 10.0 ) B.74E-04 10.0 ) 8.03E-04 10.0 I
Y-R G 1 .38E-03 I 0.0 1 I.08E-03 (0.0 ) 1 .D2E-03 10.0 : 9.74E-04 10.0 1 9.I8E-04 10.0 I
MEMBER
I-J
.DSCIt 101 •TIEIIIOI ESTIMRTED VALUES OF FORCES ANO STRESSES (FIRST STEP 1
1/10=20.7 1/10=55.3 1/10=03.0 1/10=124 .5 1/10=332.0
I -3 S I I.23E-0I (6.8 1 1.20E-01 (0.6 1 I.20E-ÜI 10.0 1 I .I9E-0I 10.6 1 I.I9E-01 17.9 I
2 -3 6 I 3.49E-03 I -0.4 1 4.37E-03 (-G.0 1 4.55E-03 (0.0 1 4.6BE-03 1-0.0 1 4.04E-Q3 (-0.0 1
13 -17 6 I 1.75E-02 10.3 1 6.94E-03 10.0 1 4 .G8E-03 10.0 1 3.14E-03 10.0 1 1 .19E-03 10.3 1
4 -5 6 J -3.44E-03 I-0.3 1 -3.Q6E-03 1-0.0 1 -3.95E-03 10.0 1 -4.01E-03 1-0.0 1 -4 .09E-03 1-0.0 1
13 -17 6 J -1 .75E-02 10.3 ) -6.94E-03 10.0 ) -4.68E-03 10.0 1 -3.14E-03 10.0 ) -1 .19E-03 1 0.3 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP 11/10=20.7 1/10=55.3 1/10=83.0 1/10= 124 .5 1/10=332.0
Z-0 21 -7.21E-04 (0.0 1 -5.29E-04 10.0 1 -4.88E-04 (0.0 } -4.60E-04 (-0.0 1 -4.25E-04 1-0.0 )
X-R 13 -1 .47E-03 10.0 I -1.39E-03 10.0 ) -1 .38E-03 10.0 ) -I.36E-03 (-0.0 1 -1.35E-03 1-0.0 I
X-R IB -1 .S4E-03 10.0 1 -1 .40E-03 10.0 1 -I.37E-Q3 10.0 ) -1 .35E-03 1-0.0 1 -I .33E-03 1-0.0 I
Y-R 4 1 .39E-D3 10.0 1 l.OlE-03 10.0 1 9.30E-04 10.0 1 0.74E-04 ( -0.0 1 B.03E-04 (-0.0 )
Y-R 5 I .38E-03 10.0 1 1 .OBE-03 10.0 1 1 .02E-03 10.0 1 9.74E-04 (-0.0 1 9.I8E-04 (-0.0 )
MEMBER
I-J
.01111 10.  o lr ts K ii ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10=20.7 1/10=55.3 1/10=83.0 1/10=124.5 I/IQ-332 .0
1 -3 S I 1.23E-01 (0.0 I I.20E-01 10.0 1 1.20E-0I (0.0 ) 1 .19E-0I (-0.0 1 1.19E-01 (-0.0 I
2 -3 6 I 3 .49E-03 (-0.0 1 4 .37E-03 (-0.0 J 4.55E-03 (0.0 1 4.08E-03 10.0 ) 4.84E-03 10.0 )
13 -17 G I I .75E-02 (0 .0 ) 6 .94E-03 (0.0 1 4.68E-03 10.0 ) 3. 14E-Ü3 (-0.0 I I .lSE-03 1-0.0 1
4 -5 6 J -3.44E-03 1-0.0 ) -3.66E-03 1-0-0 1 -3.9SE-03 10.0 1 -4 .01 E-03 (0.0 ) -4.09E-03 10.0 I
13 -17 6 J -1 .75E-02 10.0 1 -6.94E-03 (0.0 1 -4.B8E-03 (0.0 1 -3.I4E-03 I-0.0 1 -1 .I9E-03 1-0.0 I
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IB-fl
I--0
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEPI1/10^20.7 1/10=55.3 1/10=03.0 1/10=124.5 1/10=332.0
Z-D 31 -5.25E-04 10.0 1 -4.40E-G4 10.0 ) -3.99E-04 (0.0 I -3.7IE-04 (0.0 ) -3.3BE-04 10.0 )
X-R ZI -1.17E-03 I-0 -I 1 -l.lQE-03 1-0.0 1 -I .09E-03 (0.0 ) -1 .OBE-03 ( -0.0 1 - 1 -07E-03 1-0.0 )
X-R 27 -1.24E-03 1-0.1 ) -I.12E-03 (-0.0 ) - 1 . lOE-03 (0.0 ) -1 .08E-03 ( -0.0 1 -1 .06E-03 (-0.0 I
Y-R 6 1.21E-03 10.0 1 8.72E-04 (0.0 ) 7.97E-04 (0.0 ) 7.4GE-04 10.0 ) 6.81E-04 10.0 I
y-R 9 1.15E-03 (0.0 1 8.81E-04 (0.0 ) 8.20E-04 (0.0 ) 7.70E-04 (0.0 1 7.25E-04 10.0 1
MEMBER
I-J
ESTIMATED VRLUES OF FORCES AND STRESSES (FIRST STEP)
1/10=20.7 1/ 10 = 55 .3 l/I0=B3.0 1/10=124 .5 1/10=332.0
1 -3 S 1 1.25E-0I 18.0 ) 1.23E-01 (0.7 I 1 .22E-0I (0.0 ) 1.22E-01 (0.7 ) 1.21E-01 (9.5 1
2 -3 6 1 2.20E-03 (-0.5 I 3.1BE-03 (-0.0 ) 3.39E-03 10.0 1 3.S4E-03 (-0.0 ] 3.72E-03 1-0.0 I
21 -26 6 I 1.71E-02 10.3 1 6.8BE-03 (0.0 I 4.56E-03 10.0 ) 3.14E-03 (0.0 ) 1 .19E-03 (0.4 1
4 -5 6 J -2.33E-03 1-0.4 I - 3 .QQE-03 (-0.0 ) -3.13E-03 (0.0 1 -3 .22E-03 (-0.0 ) -3.34E-03 (-0.0 )
6 -8 6 J -2 .91 E-03 (-0.2 I -3.16E-03 (-0.0 1 -3.22E-03 10.0 1 -3.25E-03 (-0.0 ) -3.30E-03 1-0.0 I
21 -26 6 J -1 .71E-02 10.3 I -6.8BE-03 (0.0 1 -4.66E-03 (0.0 1 -3.I4E-03 I 0.0 1 -1 .19E-03 10.4 1
JOINT NUMBER ESTIHRTEO VALUES OF DISPLACEMENTS (SECOND STEP)1/10=20.7 1/ 10 = 55 .3 1/10=83.0 1/10= 124 .5 1/10=332.0
2-0 31 -6-25E-04 (0.0 1 -4.40E-04 (0.0 I -3.99E-04 (0.0 1 -3.71E-04 1-0.0 ) -3.36E-04 (-0.0 )
X-R 21 -I.17E-03 (0.0 I - 1 .lOE-03 (0.0 ) - I .09E-03 10.0 ) - 1 .OGE-03 (-0.0 1 -1 .07F.-03 ( -0.0 1
X-R 27 -1.24E-03 (0.0 ) -I .I2E-03 I 0.0 ) -1 .lOE-03 10.0 ) -1 .OOE-03 ( -0.0 ) - 1 .0GÊ-Ü3 (-0.0 1
Y-R 6 I .21E-03 ( 0.0 ) B.72E-04 (0.0 ) 7.97E-04 (0.0 ) 7.46E-04 1-0.0 1 6.0IE-04 (-0.0 1
Y-R 9 1 .lBE-03 (0.0 I 8.81E-04 10.0 ) 8.20E-04 (0.0 ) 7.78E-04 1-0.0 1 7.25E-04 (-0.0 1
MEMBER
I-J
"" e s t i m a t e d  VRLUES OF FORCES ANO STRESSES ISECONO STEP)
1/10=20.7 1/10=55.3 1/10=83.0 1/10=124.5 1/10= 332.0
1 -3 5 1 1.25E-01 (0.0 I 1.23E-01 10.0 1 1 .22E-01 (0.0 ) 1.22E-01 (-0.0 ) I .2IE-01 (-0.0 I
2 -3 B I 2.2DE-03 I -0.0 1 3.19E-03 ( -0.0 ) 3.39E-03 (0.0 I 3.54E-03 10.0 1 3.72E-Ü3 10.0 1
21 -26 6 1 I .7IE-02 10.0 ) 6.88E-03 (0.0 ) 4.66E-03 10.0 ) 3.14E-03 1-0.0 1 1 .19E-03 (-0.0 1
4 -5 6 J -2.3BE-03 1-0.0 ) -3 .OOE-03 (-0.0 ) -3.13C-03 (0.0 ) -3.Z2E-03 (0.0 ) -3.34E-03 (0.0 )
6 -8 6 J -2.91E-03 (0.0 ) -3.16E-03 (0.0 ) -3.22E-03 (0.0 ) -3.25E-03 1-0.0 ) -3.3ÜE-Q3 1-0.0 )
21 -26 6 J -1.71E-02 I 0 .0 ) - 5 .88E-03 (0.0 ) -4.66E-03 (0.0 ) -3.14E-Û3 ( -0.0 ) - 1 . IOC-03 (-0.0 )
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0
0
0
JOINT NUMBER ESTIMATED VALUES OF 0 1 SPLACEMENIS I FIRST STEPI1/10=36.0 1/10=96.0 1/10=144 .0 1/10=216.0 1/10=576.0
Z-0 21 -4.67E-04 [-0.0 1 -3.85E-04 [-0.0 I -3.68E-04 (0.0 1 -3.55E-04 1-0.0 ) -3.41E-04 (-0.0 1
X-R 16 -l.llE-03 1-0.0 1 -1 . lOE-03 [-0 .0 ) -1 .IDE-03 (0.0 1 -1.D9E-03 [-0.0 ) -1 .096-03 1-0.0 )
Y-R 6 9.13E-04 I-O.O t 7.94E-04 [-0.0 1 7.66E-04 (0.0 1 7.50E-04 [-0.0 1 7.276-04 1-0.0 )
MEMBER
I-J
Dice* loa lUEittit ESTIMATED VALUES OF FORCES AND STRESSES [FIRST STEP 1
1/10=36.0 1/10=96.0 1/10=144 .0 1/10=216.0 1/10=576.0
1 -2 S 1 1.20E-0I [4.1 1 l.ZOE-OI 10.3 1 I.ZOE-01 (0.0 1 1.20E-01 (0.3 1 1.206-01 (4.5 1
11 -16 6 I 9.10E-03 1-0.2 1 3 .5BE-03 [-0.0 ) 2.4lE-03 10.0 ) 1 .B2E-Q3 [-0.0 1 6.116-04 1-0.2 I
3 -4 6 1 3.03E-03 [-0.2 ) 3.50E-03 [-0.0 I 3.60E-03 [0.0 1 3 .B7E-03 [-0.0 1 3.766-03 [-0.0 )
11 -16 6 J -9.2BE-03 [-0.3 ) -3.6SE-03 [-0.0 1 -2.40E-O3 10.0 ) - 1 .BSE-03 (-0.0 1 -6.246-04 [-0.3 1
15 -21 6 J -3.35E-03 [-0.0 1 -3 .21 E-03 [-0.0 I -3.18E-03 (0.0 1 -3.166-03 1-0.0 ) -3.14E-03 [-0.0 )
JOINT NUMBER e s t i m a t e d  v a l u e s of OISPLRCEMENTS [SECOND STEP 11/10=36.0 1/10=96.0 1/10=144.0 1/10=216.0 1/10=576.0
Z-0 21 -4.67E-04 (0.0 1 -3.BSE-04 10.0 ) -3.68E-04 [0.0 1 -3.566-04 [-0.0 1 -3.416-04 [-0.0 )
X-R 16 -I .llE-03 (0.0 ) - 1 . IOE-03 10.0 1 -1 .IOE-03 (0.0 1 -1 .096-03 [ -0.0 1 - 1 .096-03 [-0.0 1
Y-R 6 9.19E-04 (0.0 ) 7.94E-04 10.0 1 7.50E-04 [0.0 1 7.506-04 [-0.0 1 7.276-04 1-0.0 1
MEMBER
I-J
PO.US ID> i t . I t lE t i ESTIMATED VALUES OF FORCES AND STRESSES ISECONO STEP)
1/10=36.0 1/10=96.0 [/I0=144.0 1/10=216.0 1/10=576.0
1 -2 S I 1.20E-01 10.0 ) 1.2DE-01 10.0 1 1.20E-01 (0.0 1 1 .206-01 [-0.0 ) [.206-01 [-0.0 1
11 -16 6 1 9.10E-03 10.D ) 3.S8E-03 10.0 I 2.41E-03 10.0 1 1 .626-03 [-0.0 ] 6 .1 1 E-04 [-0.0 1
3 -4 6 1 3 .03E-03 1-0.0 1 3 .50E-03 1-0 .0 I 3.60E-03 [0.0 1 3.67E-03 [0.0 ) 3.766-03 [0.0 1
11 -16 6 J -9.2BE-03 10.0 1 -3.65E-03 (0.0 I -2.46E-03 (0.0 1 -1 .656-03 [-0.0 ) -6.246-04 [-0.0 1
15 -21 6 J -3.35E-03 (0.0 1 -3.21E-03 10.0 1 -3.lBE-03 (0.0 1 -3.1GE-03 [-0.0 1 -3.146-03 [-0.0 )
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1 8 >fl
e <3-
0 <3-
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP 11/10=36.0 ^ 1/10=96.0 1/10=144.0 1/10=216.0 1/10=576.0
Z-0 55 -3.I3E-Q4 I-O.O 1 -2.38E-04 I-O.O I -2.216-04 10.□ ) -2.106-04 I-O.O I -1 .956-04 1-0.0 )
X-R -IB -6.31E-04 10.0 1 -5.21E-04 10.0 ) -6.196-04 10.0 1 -6.186-04 10.0 ) -6.166-04 (0.0 )
Y-R IQ 6.07E-04 I-O.O 1 4 .686-04 (-0.0 I 4 .376-04 1 0 .0 1 4.166-04 I-O.O I 3.89E-04 (-0.0 I
Y-R IS S.76E-04 (-0.0 ) 4 .776-04 I-O.O 1 4 .556-04 10.0 ) 4.406-04 I-O.O ) 4.21E-04 I-O.O I
MEMBER
I-J
.BRCti iw ■tn.teii ESTIMATED VALUES OF FORCES AND STRESSES IFIRST STEP)
1/10=36.0 1/10=96.0 1/10=144.0 1/10=216.0 1/10=576.0
I -2 S I I.23E-01 17.2 ) 1.236-01 10.6 1 1 .236-01 I 0.0 I 1.23E-01 10.6 1 1.236-01 (0.2 I
37 -46 6 I 8.67E-03 1-0.2 ) 3.546-03 (-0.0 ) 2.406-03 10.0 ) 1.626-03 I-O.O I 6.106-04 1-0.2 )
3 -4 6 I 1.IBE-Ü3 1-0.6 ) 1 .746-03 I-O.O 1 1 .866-03 10.0 ) I.956-03 I-O.O ) 2.066-03 I-O.O I
6 -8 6 I 1.36E-03 I-0.0 ) 1 .796-03 I-O.O ) 1 .096-03 I 0.0 ) 1 .956-03 1 -O.I) ) 2 .046-03 1-0.0 )
37 -46 6 J -0.7DE-03 1-0.4 ) -3.566-03 I-O.O ) -2.426-03 I 0.0 ) -1 .636-03 I-0 .0 ) -6.226-04 1-0.4 1
6 -8 6 J -1 .25E-03 I-0.1 ) -1 .656-03 I-O.O ) - 1 .746-03 I 0 .0 I -1.806-03 I-O.O ) -1 .076-03 I-O.O )
10 -13 6 J - I .4SE-03 10.0 1 -1 .716-03 I 0.0 I -1 .776-03 I 0.0 ) -1 .016-03 I 0.0 ) -1 .866-03 10.0 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS I SECOND STEP)1/10=36.0 1/10=96.0 1/10=144.0 1/10=216.0 1/10=576 .0
Z-0 55 -3.13E-04 10.0 ) -2 .386-04 1 0 .0 I -2.216-04 10.0 1 -2.106-04 I-0.0 I - 1 .956-04 I-O.O )
X-R 46 -6.3IE-04 I-O.O ) -6.216-04 I-O.O ) -6-196-04 10.0 1 -B.lBE-04 10.0 ) -6.166-04 10.0 )
Y-R 10 6.Q7E-D4 10.0 ) 4.686-04 1 0 .0 1 4 .376-04 10 .0 1 4.166-04 I-O.O I 3.896-04 I-0.0 )
Y-R IS 5.76E-04 10.0 ) 4.776-04 I 0.0 1 4 .556-04 I 0.0 ) 4.406-04 I-O.O I 4.216-04 1-0.0 )
MEMBER
I-J
.Oacc. IW «Tretusi ESTIMATED VALUES OF FORCES AND STRESSES 1 SECOND STEP)
1/10=38.0 1/10=96.0 1/10=144.0 1/10=216.0 I/I0«576‘.0
1 -2 5 I 1.236-01 (0.1 ) 1 .236-01 I 0.0 ) I .236-01 10.0 ) 1 .236-01 I-O.O ) 1 .236-01 I-O.O )
37 -46 6 I 8.67E-03 (0.0 I 3.S4E-C3 10.0 ) 2.406-03 10.0 ) 1 .626-03 1-0.0 ) 6.186-04 1-0.0 )
3 -4 6 I 1.I8E-03 I-0.0 ) 1 .746-03 :-0 .0 ) 1 .866-03 10.0 ) 1 .956-03 I 0.0 ) 2.066-03 1 0.0 )
6 -a 6 I I.36E-03 I-0.0 ) I .796-03 I-O.O 1 I .896-03 I 0 .0 ) 1.956-03 I 0.0 ) 2 .046-03 I 0.0 )
37 -46 6 J -0.70E-03 (0.0 ) -3.566-03 IQ.Q ) -2 .426-03 1 0 .0 I -1.536-03 1-0.0 ) -5.226-04 1-0.0 1
6 -0 6 J - 1 .25E-03 1-0.0 I -1 .656-03 I-O.O I - 1 .746-03 10.0 ) -1.806-03 10.0 ) - 1 .876-03 10.0 )
10 -13 6 J -1.45E-03 I-O.O ) -1.716-03 :-0.0 ] - 1 .776-03 10.0 ) -I.016-03 ID.O I -1 .866-03 I 0.0 I
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)1/10=14.2 1/10=38.0 1/10 = 57 .0 1/10=85.6 1/10=227.9
E-D 55 -4.B9E-04 (0.0 1 -4 .676-04 ( 0 .0 ) -4.636-04 10.0 1 -4.606-04 (0.0 ) -4.566-04 (0.0 )
X-R 46 -1.33E-03 (0.0 ) -1 .446-03 ( 0.0 I - 1 .456-03 (0.0 ) -1 .466-03 (0 .0 1 -1.466-03 (0.0 )
Y-R 15 1.04E-03 (-0.0 ) 1.016-03 (-0.0 ) I .016-03 (0.0 I 1.006-03 I-0.0 I 9.966-04 (-0.0 )
MEMBER
r-j
ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)
1/10=14.2 1/10=38.0 1/10=57.0 1/10=85.5 1/10=227.9
I -2 5 I 1.25E-01 (2.0 ) I.256-01 (0.2 ) 1.256-01 (0.0 1 1 .256-01 (0.2 ) I.256-01 (2.1 )
I -2 6 I -1 .35E-02 (1.0 I -5.126-03 (0.1 ) -3.426-03 (0.0 ) -2.28E-03 (0.1 ) -8.586-04 (1.0 )
54 -55 6 I 4 .QBE-03 (0.0 I 4.176-03 (0.0 ) 4.196-03 (0.0 ) 4.216-03 (0.0 ) 4.22E-03 (0.0 )
I -2 5 J 9.62E-D3 (0.6 ) 3.666-03 (0.0 ) 2.456-03 (0.0 ) 1 .646-03 ( 0 .0 ) 6.ISE-04 (0.6 1
54 - S 5 _ 6 J -4.12E-03 (0.0 ) -4.22E-03 (0.0 ) -4.246-03 (0.0 ) -4.256-03 (O.D ) -4.276-03 (0.0 ) J
JOINT NUMBER e s t i m a t e d  VALUES OF DISPLACEMENTS (SECOND STEP)1/10=14.2 1/10=38.0 1/10=57.0 1/10=85.5 1/10=227.9
2-0 55 -4.89E-04 (0.0 ) -4 .676-04 ( 0 .0 ) -4.636-04 (0.0 ) -4,606-04 I-O.O ) -4.566-04 (-0.0 )
X-R 46 -1.396-03 (-0.0 ) -1 .446-03 (-0.0 1 - 1 .456-03 10.0 1 - 1 .466-03 ( 0 .0 I -1.466-03 (0.0 )
Y-R 15 1.04E-03 (0.0 ) 1.016-03 (0.0 I 1.016-03 (0.0 ) 1 .006-03 1-0.0 I 9.956-04 (-0.0 I
MEMBER
t-J
mtti in iitii»» ESTIMATED VALUES OF FORCES AND STRESSES I SECOND STEP)
1/10=14.2 1/10=38.0 1/10=57.0 1/10=85.5 1/10=227-9
1 -2 S I 1.256-01 (0.0 1 1.256-01 (0.0 1 1.25E-01 (0.0 1 1.256-01 I-0.0 1 1.256-01 (-0.0 )
I -2 6 I - 1 .356-02 (0.0 ) -5 .126-03 ( 0 .0 1 -3.426-03 (0.0 1 -2.286-03 (-0.0 1 -8.586-04 (-0.0 I
54 -55 6 I 4.086-03 (-0.0 ) 4 .176-03 (-0 .0 ! 4 .196-03 (0.0 ) 4.216-03 (0.0 I 4 .226-03 (0 .0 )
I -2 6 J 9.626-03 (0.0 I 3.666-03 (0.0 ) 2.4SE-03 (0.0 ) I.646-03 (-0.0 I 6. 156-04 1 -0.0 )
54 -65 6 J -4.12E-03 (-0.0 ) -4.226-03 (-0.0 I -4 .246-03 ( 0 .0 1 -4.256-03 (0.0 1 -4.276-03 (0.0 )
N O T E l T M E  F I G U R E S  IN B R H C K E T S  R R E  THE P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  TH E  E S T I M A T E D  A N D  THE C O R R E S P C U D I N G  A N A L Y T I C A L L Y
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JDIMT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP)IFI0«14.2 1/10=38.0 1/10=57.0 1/10=85.5 1/10=227.9
Z-D 21 -8-44E-04 (D.O ) -0.21E-04 (0.0 ) -8.17E-04 (0.0 I -8.)4E-04 (0.0 ) -8.10E-04 (0.0 )
X-R 16 -2.53E-D3 (0.0 1 -2.58E-03 (0.0 ) -Z.59E-03 (0.0 1 -2.60E-03 (0.0 I -2.6ÜE-03 (0.0 1
Y-R 6 I.79E-03 1-0.0 ) 1 .7SE-03 (-0.0 ) 1 .74E-03 (0.0 ) I .74E-03 (-0.0 I I .73E-03 (-0.0 I
MEMBER
I-J
PGKII It. Kn.IMI ESTIMRTED VALUES OF FORCES RNO STRESSES (FIRST STEP)
1/10=)4.2 1/10=38.0 1/10=57.0 1/10=85.5 1/10=227.9
I -2 S I I.24E-01 (0.8 I 1.24E-01 I 0.1 ) 1.24E-01 (0.0 ) I.24E-01 (0.1 ) 1.24E-01 (0.8 I
I -Z 6 I -I.37E-02 (0.4 ) -S.15E-03 (0.0 I -3.44E-03 (0.0 ) -2.29E-03 (0.0 I -8.B1E-04 (0.4 )
20 -21 6 I 7.24E-03 (0.0 ) 7.34E-03 10.0 1 7.36E-03 10.0 ) 7.38E-03 (0.0 ) 7.39E-03 (0.0 )
11 -16 6 J -7-S9E-03 I-O.S I -2.89E-03 (-0.0 1 -1 .93E-03 (0.0 ) - 1 .29E-03 (-0.0 ) -4.B5E-04 (-0.5 )
20 -21 6 J -7.49E-03 (0.0 I -7.S9E-03 (0.0 ) -7 .61E-03 10.0 1 -7.63E-03 (0.0 ) -7.54E-03 10.0 I
JOINT NUMBER ESTIMRTED VALUES OF DISPLACEMENTS 1 SECOND STEP)1/10=14 .2 1/10=30.0 1/10=57.0 1/10=85.5 1/10=227.9 .
Z-D 21 -B.44E-04 (0.0 I -8.21E-04 (0.0 ) -8 .17E-04 (0.0 ) -B.ME-04 1-0.0 I -8.10E-04 1-0.0 )
X-R 16 -2.53E-D3 (-0.0 ) -2.58E-03 I-0.0 ) -2.59E-03 (0.0 ) -2.b0£-03 (0.0 ) -2.60E-03 (0.0 I
Y-R 6 I .79E-03 (O.D 1 1 .75E-03 (0.0 I ) .74E-03 (0.0 ) 1 .74E-03 (-0.0 I 1 .73E-03 (-0.0 )
MEMBER 
I -J
.D.CII 10. .t.t.lOll ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP I
1/10= 14 .2 1/10=38 .0 1/10=57.0 1/10=05.5 1/10=227.9
1 -2 5 I 1.Z4E-01 (0.0 ) 1.24E-01 (0.0 I 1.24E-0I 10.0 ) 1 .24E-01 (-0.0 1 1.24E-01 (-0.0 )
1 -2 6 I - 1 .37E-02 10.0 ) -S . 15E-03 (0.0 ) -3.44E-03 (0.0 ) -2.29E-03 (-0.0 1 -H.61E- 04 I -0.0 )
20 -21 6 I 7.24E-03 I-0.0 I 7.34E-Q3 (-0.0 I 7.36E-03 (0.0 ] 7.3BE-03 (0.0 I 7.3SE-03 (0.0 )
11 -16 B J -7.59E-03 (0.0 1 -2.89E-03 (0.0 I -1.93E-03 (0.0 1 -I .29E-03 (-0.0 I -4 .BSE-04 (-0.0 )
20 -21 6 J -7.49E-03 I-0.0 I -7.59E-03 (-0.0 I -7.51E-03 (0.0 ) -7.63E-03 (0.0 1 -7.64E-03 (0.0 )
N O r e : T H E  F I G U R E S  IN B R R C K E T S  R R E  THE P E R C E N T R G E  D I F F E R E N C E S  B E T W E E N  THE E S T I H R T E B  R N O  THE C O R R E S P O N D I N G  R N R L Y T I C R L L T
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ESTIHOTEO VALUES OF D 1SPLflCEHENTS I FIRST STEP)JOINT NUMBER 1/10=3.2 1/10=0.4
Z-D 21 -B.16E-04 10-0 .llE-04 10.0 -a.lOE-04 10.0
-2.62E-03 10.0
1.72E-03 10.0 1 .72E-03 I 0.0 1 .72E-G3 I 0.0 I.72E-03 I 0.0
MEMBER ESTIMHTED VALUES OF FORCES AND STRESSES IFIRST STEP)1/10= 12 .6
11 -16 -5.BSE-02 10.6 -6.04E-02 10.0 -B.06E-02 10.0 -6.0BE-Q2 10.0 -6.0BE-02 (0.6
-I.20E-02 10. -4.5BE-03 10*1 -3 .06E-03 10.0 -7.60E-04 10.0-2.04E-03 10.1
2 0 - 2 1 7.41E-03 10.0 7.40E-03 10.0 7.40E-03 10.0 7.40E-03 10.0 7.4DE-03 10.0
11 -16 5.51E-03 10.0 3.69E-03 10.0 2.47E-03 (0-0 9.2BE-Ü4 10.2
2 0 - 2 1 -7.66E-03 10.0 -7.65f-03 (0.0 -7.65E-03 10.0 -7.65E-03 10.0 -7.B5E-03 10.0
ESIIMAIEO VALUES OF DISPLACEMENTS I SECOND STEP IJOINT NUMBER 1/10= 12.6 1/I 0= 50.4
.16E-04 10.0 -a.lOE-04 10.0
-2.67E-Q3 10.0 -2 .63E-03 10.0 - 2 .62E-03 10.0
1 .72E-03 1 0 .0 1 .72E-03 (0.0 I.72E-03 10.0
MEMBER ESTIMHTED VALUES OF FORCES RNO STRESSES 15EC0N0 STEP I
1/10=3.2 1/ 10= 1/10=18.9 1/10=50.4
-5.95E-02 10.0 -6 .04E-02 10.0 - 6 .06E-C2 10.0
-1 .20E-02 10.0 -4.5BE-03 10.0 -3.QBE-03 10.0
2 0 - 2 1 7.41E-03 10.0 7.4QE-D3 10.0 7.40E-03 10.0
11 -IB 1 .44E-02 10.0 S.51E-03 10.0 3.69E-03 10.0
2 0 - 2 1 -7.66E-03 10.0 -7.BSE-03 (0.0 -7.DBE-03 (0.0
NOTEiTHE FIGURES IN BRACKETS ARE THE PERCENTAGE DIFFERENCES BETWEEN THE ESTIMATED AND THE CORRESPONDING A.NALTT ICALLY 
OBTAINED VALUES.
FIG. 3-5-23
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)1/10=0.5 1/10= I .2 1/10=1 .8 1/10=2.8 1/10*7.4
Z-D 21 -2.27E-03 (0.0 1 -2.25E-03 (-0.0 1 -2.24E-03 (0.0 ) -2.24E-03 (-0.0 1 -2.23E-03 (-0.0 1
X-R 16 -6.38E-Q3 (-0.0 1 -6 .19E-D3 (-0.0 1 -5.14E-03 (0.0 ) -6.1 IE-03 (-0.0 ) -6.06E-03 I-0.0 1
Y-R 10 4.65E-D3 1-0.0 1 4.64E-03 (-0.0 1 4.64E-03 (0.0 ) 4 .63E-03 (-0.0 1 4.B3E-03 (-0.0 1
MEMBER
I-J
ICI i i t i i s i i i ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)
1/10=0.5 1/10=1.2 1/10=1 .8 1/10=2.8 1/10=7.4
20 -21 S I 1.2SE-01 (0.0 1 1.25E-01 (0.0 ) 1.25E-01 (0.0 ) 1.25E-01 (0.0 1 1.25E-0I (0.0 1
I -2 5 I -7.95E-02 (5.1 1 -3.22E-0Z (0.4 1 -2.10E-02 (0.0 1 -1 .47E-02 (0.4 1 -5 .51 E-03 (5.4 )
15 -20 6 I 2.Q9E-02 10.0 I 2.09E-Q2 (0.0 1 2.09E-02 (0.0 1 2.09E-02 (0.0 ) 2.08E-02 (0.0 1
11 -16 6 J 8.44E-02 (1.3 ) 3.5BE-02 (0.1 1 2.44E-02 (0.0 1 1.6BE-02 (0.1 1 6.3SE-03 (1.2 )
20 -21 6 J -4.32E-DZ (0.0 I -4.32E-02 (0.0 ) -4.32E-D2 (0.0 ) -4.32E-02 (0.0 1 -4.31E-02 (0.0 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP 11/10 = 0.5 1/10= 1 .2 1/10=1 .8 1/10=2.8 1/10=7.4
Z-D 21 -2.27E-Q3 (0.0 1 -2.25E-03 10.0 1 -2.24E-U3 10.0 1 -2 .24E-03 (-0.0 I -2.23E-03 (-0.0 1
X-R 16 -6.38E-03 (0.0 1 -6.13E-03 (0.0 1 -6.14E-03 (0.0 ) - G .1 IE-03 1-0.0 ] -6.05E-03 (-0.0 1
Y-R 10 4.5SE-03 (0.0 1 4.64E-03 (0.0 ) 4.64E-03 (0.0 1 4 .63E-03 (-0.0 ) 4.63E-03 I-0.0 1
MEMBER
I-J
ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10=0.5 1/10=1 .2 1/10=1.6 1/10=2.0 1/10=7.4
20 -21 S I 1.25E-01 (-0.0 ) 1.25E-01 (0.0 1 1.2SE-01 (0.0 1 1.25E-0I (0.0 1 I.2SE-0I (0.0 1
I -2 6 I -7.95E-QZ (0.3 1 -3.22E-02 (0.0 1 -2.18E-02 10.0 1 -1.47E-02 (-0.0 ) -5 .61 E -L j (-0.1 )
15 -20 6 I 2.09E-02 (0.0 ) 2.09E-02 (0.0 1 2.D9E-02 (0.0 ) 2 .09E-D2 1-0.0 1 2.0HE-02 1-0.0 )
11 -15 8 J B.44E-02 (0.2 ) 3.56E-02 (0.0 1 2.44E-Q2 (0.0 ) 1 .66E-02 (-0.0 1 6.35E-03 (-0.1 1
20 -21 6 J -4.32E-02 10.0 ) -4.32E-D2 (0.0 ) -4.32E-Ü2 (0.0 1 -4.32E-02 I-0.0 1 -4.31E-Q2 (-Q.Q 1
N O T E i T HE  F I G U R E S  IN B R A C K E T S  A R E  THE P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  THE E S T I H A T E D  A N D  THE C O R R E S P O N G I  N O  H N A L Y T I C A L E T
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In these figures, the results of relations 3- 5-JO are 
referred to as (FIRST STEP) and {SECONV STEP) respectively.
Each one of the figures consist of two sketches 
and a table. The sketches illustrate the layout, the 
boundary condition, type of loading of the case under 
consideration, the analysed proportion of the grid and 
numbering of the joints. In the table, the joint numbers 
(or member ends and forces or stresses) referred to in the 
first column correspond to the numbering system. The 
letters Z-P before a joint number indicate that the 
component under consideration is a deflection and the letters 
X-R (or V-R ) indicate that it is a rotation about 
(o>t y-axÂ,^) , The analytical values are given in the last 
five columns. Each analytical value is followed by a 
bracket containing the percentage error in the estimate.
A positive error indicates that it is overestimated and 
a negative error indicates that it is underestimated.
From the results given in figures 3-5-4 to 3-5-24 it 
may be concluded that the values obtained from relations 
3-5- 10 are quite reliable, particularly in the cases where 
relation 3-5-1 Ob is used, the correlation between the 
analytical and the estimated value is remarkable. The 
maximum, the second largest and the average errors in this 
case, are ;
DISPLACEMENTS MAXIMUM E R RO R SECOND L A R G E S T  E R RO R AVERAGEE R RO R
1-V 0.1% 0.0% 0.02%
X - R 0.2% 0.1% 0.04%
y-R 0.5% 0.3% 0.11%
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for the points (I/I^)/4 and 4(1/1^). The estimates for the 
case of relation 3 - 5 - 1 Oa are also quite good with the 
maximum, the second largest and the average errors being:
DISPLACEMENT MAXIMUM E R RO R S E C O M V  L A R G E S T  E R R O R Al/ERAGEE R R O R
Z-D 0.3% 0.1% 0.05%
X-R 8.5% 7. 31 0.50%
y-R 9.5% 4.2% 0.65%
Economical computation of the relations 3- 5-10 is 
in fact possible. The technique suggested below is one way 
of achieving the purpose.
From relation 3-5-4
A.-J = - M d o ,  3-5-11
n
Substituting for M= T. [yj-1 ]V; (see relation 3-4-6) in the above1=^1 ^relation :
A.= 1
-ILetting W.^=D.d^ and d. =K W ; .the above relation becomes:/CO /C 0 /C 0 0 X, 0
Kl 7 nA-i= - Z +(y,-7)K^ W' = Z ~ [ y  ;~1 ] d •  3-5-12,J ' 4 /C 0 /CO / _ 1 ^ <CC/C— i /C“ /
Relation 3-5-7c for c=7 becomes:
Since is positive definite, then the quadratic form
T^l^o^7  ^^' and thus one can divide the denominator by
a T k a ,, and hence 7 0 7 '
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' ~~U-
Substituting for M= Z [y;-1]V; and >i from relation 2-5-121=1 t J
T Tinto the ratio /a -jK ^ A i , results:
A^UAi E - ( y ; - 7 ) dj E { Y ; “ n  D . E ~ ( Y / " ?) d •_J  ^= 7 " ^ X.= 7
X.:
Now, considering that the summations 
and
(d^ «^ W^^),then the ra t i o / J j t i f L j / A ^ jK ^ A . becomes:
J  n n n j
a M a  ^ H E S (yy-'M (y ;-7 ) (Yy-Nd» D .d . ^  ^ 1^1 H  1 =1 ^ ^ ^ to S ^0m«— ■■ %2  ^ -    - - -I   - - # # « # # # # » /  J  I %J
fJt/ f, yi yi T
From relation 3-5-n and 3-5-72
Aj~ I *»=^
Substituting for K^H\d^ from the above relation into relation 3-5-10(1 
d = do - a. E(y^-7)d^ ^
131
From this relation and relations 3-5-7 Z and 3-5-7 3 it is 
deduced that
0 n n n
S r  2 ( Y , - - n  ( y . . - n d „  P - d .
« n yE E (T«-7) (Y .-7)do W.£=7X=7 ^ X. to /CO  3-5-74
In this relation the factors y i ,y 2 , • • * f(tyid y^ depend on
the type of modification, but vectors d ,d, , scalars0 to toT T^to independent of any modification.
The constants of the relation 3-5-7 4 is evaluated as follows
The initial grid is analysed under two different 
loading systems. Firstly, the initial grid is analysed
under the external load. Then, having the displacement
vector d the product of the V - d  ~ W . is obtained.0 /w V /L V
Secondly, the initial grid is analysed under loading system 
. Then having the displacement vector d^^ the product
obtained.
The term need not be evaluated by matrix
multiplication, but would be constructed element by element,
considering only those elements which have been modified.
rMatrix is triangularized once only in the form U U
[U is upper triangular matrix), and successive solution 
then require only reduction and back substitution of the 
right hand side.
The above procedure may be used to evaluate the 
constants of the third term of the series given by relation 
3 - 5 - 6 .
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SECTION 3-6 ESTIMATE Of F O R C E S
In this section, a number of relations are derived 
by which the change in the component of forces in a torsion- 
less flat grid due to changes in the bending rigidities may 
be estimated.
Let the modification to a torsionless grid consist 
of changes in the bending rigidities of members. In the 
modified grid, the component of internal forces at the end 
Z and y of member b,relative to the coordinate system of 
the member is given by (see relations 1-3-7 and 7-3-2)I
K mb
d. ,tj
d . .it
3-6-7,
Where and %are the member end force and displacement
is the basicvectors, respectively. The matrix K , ^ mb
stiffness matrix of the modified member b. From relation 
7-3-4a it follows that;
T 3 — 6 — 2
Where is the member displacement vector relative to the
frame coordinate. Substituting
into the relation 3-6-7,
,T
from relation 3-6-2
"bKmb"b
-Kmb"I
-«b^b
'mb
T Tb 0
tT
4 y
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OA -"bCmbfl
y . - v V l Cmb^I
•• 3-6-3.
From relations 3-4-1 and 3 - 4- 3  '
Substituting K . into the relation 3-6-3, and factoring ,
P, .tj
=^b
P ..jt - v y b v l y
3 — 6-4
From the above relation and figure 3-6-1 it follows that:
^mb '' ^ b ^ b ^   3-6-5.
Where is a vector of the same order as displacement
vector d, and is a constant square matrix of the same 
order as
Premultiplying relation 3-5-6 byr^K^,
From this relation and relation 3-6-5 ,
[l-«,(I+K"'w|]K"'wdg + ...
.,3-6-6 «
Assuming that the Kth approximation to P^^ is given by
= r, K,dmb b .3-6-7,
then an estimate of error vector found as follows
From relations 3-6-7 and 3-6-5.
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Taking R-norms (see relations 3- 2-5 and 3-3-9),
Ifmb-PSbts " fbllKblL M-dcle •
This relation shows that the rate of convergence for the 
series given by relations 3-5-6 and 3-6-6 are of the same 
order. Now, remembering that the second (or first) 
approximation to displacements remains within the acceptable 
limit, one may logically expect that the behaviour of the 
forces are also defined by relations
a n d
^mb“''b'^ b‘^2 " ‘'b*^ b‘^o"''b'^ b'^ o *'^'‘^ o'^b“2^b
. . . . 3 - 6 - & b.
The above relations are checked for a number of grids whose 
estimated displacements are given in S E C T I O N 3-5. The 
results of checking for relations 3-6-8 are shown in figures 
3- 5- 4 to 3-5-24. The composition of these tables are the 
same as that of the tables for checking relations 3-5-10 
except that the first column consists of the member ends, 
the letter S(or <? ) and member end. The letter S before the 
member end indicates that the force under consideration is 
a shearing force and the letter a indicates that the component 
under consideration is bending stress. The basic technique 
of analysis is as before and the ratio H/H^=3 •
The bending stress (or shearing force ) for checking 
is selected at random. However, at each check point the 
maximum bending stress (or shearing force) are also checked.
The result of the comparison given in figures 3-5-4 to 
3- 5- 2 4 may in general be considered quite satisfactory. In
136
the case of bending stress the maximum, the second 
largest and the average errors are;
MAXIMUM SECOND L A R G E S T At/ERAGE RELATION-E R R O R E R R O R ERROR USED
5.4% 5.2% 7.5% 3 - 6 - 8 cl
0.6% 0.3% 0.2% 3 — 6 — 8 b
for the points (I/I^)/4 and 4(1/1^). For the shearing 
force, the maximum, the second largest and the average 
errors are;
MAXIMUM SECOND L A R G E S T Al/ERAGE R E L A T I O NERROR E R R O R ERROR USED.
g.2% 9.7% 4.0% 3 — 6 — 8 CL
7.9% 7.3% 0.3% 3 - 6 - 8 b
The above tables show that the estimates for forces are not, 
strictly speaking, in the region of applicability of 
relation 3-b-8a, However, the estimates for forces are 
greatly improved by considering the relation 3-6-86.
Economical computation of the relations 3-6-8 
is in fact possible. From relations 3-5-74 and 3- 6 - 8 a
z l y ^ - D K ^ d ;b^lo
ii n n
n n
Where the vectors R.d and R,d. are constant vectors.0 0 b X.0
They are, in fact, the internal forces of member "b", under 
loading systems w and W- , in the initial grid. In the
same way the constant vectors of relation 3-6-Sb may be 
evaluated.
The technique developed in this chapter may be applied 
to some other problems of structural analysis and these are 
discussed in the next chapter.
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S E C T I O N  4-1 INTRODUCTION
In the previous chapter, based on the concept of norms 
and limits, a technique was developed by which the change in 
the internal forces and displacements of a linear structure, 
produced by variation in some features of the structure, 
could be estimated. As an example, the technique was 
applied to the case of torsionless flat grids, with varying 
bending rigidities. The scope of the technique, however, 
is by no means limited to this example and many other 
structural problems could be treated along similar lines. 
Furthermore, in the case of flat grids, the changing features 
were considered with no torsional and infinite shearing 
rigidities. This, however, is not a basic requirement of 
the technique and any combination of varying features could 
be considered together.
In this chapter T H E O R E M  S is generalised to cover any 
type of structure in which cross-sectional properties are 
varying. T H E O R E M 7 is considered for the solution of large 
sparse sets of equations in which the coefficient matrix 
is positive definite. Furthermore the technique is used 
when the position of joints and cross sectional properties in 
a structure are changing.
S E C T I O N  4-2 G E N E R A L I S A T I O N  OF T H E O R E M S
In this section the matrix [I+K^^M] for a structure
with varying cross-sectional properties is considered, and
- 1the largest and smallest eigenvalues of (I+K^'M) are obtained.
Assuming that varying features in a structure are only
the cross-sectional properties, then matrices (R^+M) and >
T Tare expressed in the form R +M = DD 1/ andR =DD D (for detail  ^ 0 m 0 0 ^
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see S E C T I O N  1-4). Substituting for and from the
above relations into the relation 3-3-8,
xJ. V^x.A; = — ...     4-2-;.T TX' VV^ 1/ X;0 /t.
Since is a nonsingular diagonal matrix and its elements 
are positive, then the above relation may be written as;
_ (x[v r j i v ' i  v \ . ]
(xT 1/ l/\)
Letting V .=vi l/^ X; and /T=xT V V K
, ''I Po'Pm
''I ''x
0 Æ -r 1
X, y
''I
Considering that vT(pfp„V^)= I3  ^ ' V  ^ 3   ^=
the angle between vectors V. and V~ ‘ t> V , and y \ y , =|y,n,X. 0 m X, ' X, X- ' X. " 3
IIII gf then the above relation becomes:
finally (see relation 4-2-1'),
k ]  v v y x .  ,
 ^  4-2-2.
In the same manner, it can be shown that
) _ 4
OA
K ' ^ o h
From relations 4-2- 2 and 4-2-3,
- 1
The interpretation of this relation is that:
T k z  e Z g 2.noalu.c6 o^ (Ï + R~^M), ^OA a 6tAu.eZu.Ae w Z Z k  
v a A y Z n g  e A o 6 6 - 6 e e Z Z o n a t  p A o p e A t Z e 6 , aA e b o u n d e d  by t h e  
Z a A g e 6 Z  a n d  6 m a Z t e 6 Z  d Z a g o n a Z  e t e m e n Z 6  o^ ÎZ  can be
6hou)n Z k a Z  Zi A e d u e Z n g  a n y  n o n z e A o  e t e m e n Z 6  o{^  d Z a g o n a t
Tm a Z A Z x  V^ to zeAo cau6 e 6  6 Z n g u Z a A Z Z y  Zn t h e  m a Z A Z x ,
t h e n  t h e  l a A g e 6 Z  a n d  6 m a t l e 6 Z  e Z g e n o a l u e o^ {I+R~^M) aAe:
^ m a x "  .4-2-5%,
^ o h   4-2-56.
 1141
 --- ^X; ..... 4-2-3,
Remembering that ^Z is a typical eigenvalue of ^^'thcn
 1—  s X s I V ^ ' v j y   4-2-4.
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To prove this point, let V be the same as except that its
*pZth diagonal element is reduced to zero. The matrix i/DU 
is singular and, therefore, there exists a non zero-vector 
such that
l/Dl/^ Z^ =C n u Z Z  veeZoA) , 
zT \JV\J^lj=o .
Considering that the diagonal elements of V are positive or
zero, then r i i tZ^VLDl 2 (D) 21/' Z^=o.
This relation implies that
[V]  ^ n a Z Z  veeZoAl ,
T TIn this relation the vector V Z^ is non-zero, since l/g(/
Tis nonsingular and therefore l/gy Z^ is a non-zero vector, 
and therefore it follows that
V 2 LnuZZ oeeZoA']  4-2-6.
Where is any diagonal matrix whose Z t h diagonal element
is zero. Now, assuming that V ; = X T ^ V - |71”'D lUI, then '  ^ X. 0 m "a m 3
relation 4-2-6 becomes,
-  | P " ' p  1 , 1 )  l / ^ Z  . =  C n u £ £  ve.c.toà.1 .0 m 0 m 3  x.
Premultiplying this relation by ,
uecio4.],
OA.
l/D l/^ Z I|D"^ D I o l/Dl/^ Z .= C vector]m X. " a m " 3 o x
Substituting for K =[/V l/^ and K +M=l/V l/^ Into the above relation0 0 0 m ^
(K. +M)Z,- IlDj^ D I 2 K 2 n a Z Z  veeZoA] ,0 X " 0 m'* 3 0 X
O/L ■ . ,
KÔ (Ko+W)Z^- v&ctot],
{^ZnaZZy .
(I+K,M)Z. =#D; 'PmlsZx  4-2-7.
From relations 4-2-7 and 4-2-4, it follows that
\iax"
143
In the same manner, it can be shown that X = = ---
Mr'Oois 'and the point is proved.
Relation 4 - 1- 4 serves as a useful upper bound, but it 
may also be taken as the starting point for derivation of an 
equation similar to 3 - 5 - 1 e, to guarantee the convergence of 
the series given by relation 3-5-6. To this end, let it be 
assumed that:
0<a < ’ ""■ ■  .4-1-8.
K \ h
Then from relation 4-2-4,
o<a^<  -- —  ^ —
Comparing this relation by the condition of T H E O R E M 4, it 
follows that the sequence of vectors defined by relations 
3- 3-3 will converge to the displacement vector d if 
relation 4-1-8 holds . To demonstrate the application of 
the relation 4-1- 8 the following example is considered. 
EXAMPLE. Suppose that in relation 3-5-6 the scalars 
..... are equal to one. Now, it is required to obtain the 
initial diagonal matrix Vq [Vq contains the cross-sectional 
properties of the initial structure,for detail see S E C T I O N  1-4) 
such that the series given by relation 3-5-6 converges.
Considering that 0^= 0 2 =..,=a^=...=7,then relation 3-5-6 
reduces to
d =  ^d^ + . , . -f- [-K^^ M]'^ d^-f-. . , , 4 - 2- 9 .
From relation 4 - 1- 8 the above series converges if
10 < a = 7 <---n^ -7
0 h
OA I7?^ I g < z . ....4-1-10*
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Now,assuming that the lower and upper bounds of elements of 
are given by the two diagonal matrices and respective­
ly, then the initial diagonal matrix Vq should satisfy the 
following conditions (see relation 4- 1- 1 0 ) ,
|P;'P^||3 < 2  a n d
Since ^ 3 ^ ^ 3 ’ then  ^ 3 ^  ^’
A s the solution to the above inequality one may consider 
V +VV = -A— iL. ) and the point in question is proved.
 ^ 2
Before this section is ended, there is a rather inter­
esting point which is worth mentioning. Namely, on the 
structural problems, it is usually required to linearise the 
components of displacement vector cf in terms of the varying 
features. This can be easily done as follows:
Assuming that the series given by relation 4-1-9  
converges, then an approximation to displacement vector d 
may be considered as follows:
d-d^- ,
OA. d ^ d + I d - K ~ ^ K  d - K l h l d
{finally .
d~-2d^-Kl‘ l K ^ m d o .
Substituting for (D^  contains the cross-sectional
properties of the members of the modified structure, for
detail see S E C T I O N  1-4} into the above relation,
d = 2 d ^ - K ; h v ^ K ^ .
Where is a vector and its elements correspond to the 
diagonal elements of The V^ is a diagonal matrix and its
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Tdiagonal elements correspond to the elements of vector \J
It is important to note that the matrix is a constant
matrix.
S E C T I O N  4-3 AN ITERATIVE S O L U T I O N - (
Despite the use of sophisticated computer programs for struc­
tural analysis, the solution of certain types of structures remains 
susceptible to error which can often lead to production of useless 
results. Two questions arise: Firstly, is the accuracy of
solution sufficient and, secondly, how to improve the accuracy 
of the solution.
In this section, a number of general classes of structures are 
defined which can cause numerical difficulty. A method is 
described to deal with the problem. This method, based on 
T H E O R E M 7, combines the concept of elimination and iteration 
in such a way that rapid convergence rates are obtained without 
any need for increase in storage requirements.
Considering the equation (see relation 3-3-7)
.......4-3-7,
the sensitivity of the displacements to variation in and W is 
found as follows:
As far as the variation in W is concerned, the problem is trivial.
If the vectors g and h are the changes in d^ and W, respectively,
then
«0 =W + A,
OA  4-3-2.
From relations 4-3-7 and 4-3-2 K^g=k.
Since R is nonsingular ^ then
7 'g=K kn  .4-3-3,
Taking norms (see relation 3-2-5) from relations 4-3-3 and
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4-3-1, respectively,
13 i s 1 k;’ Il Ik I  4-3-4a,
|Kgl I dpl^ U'W|  4-3-46.
From relations 4-3-4,
19 1  ^ I ||k|
I ko 11 rfoll I <" Il
OA
|3|| -I 1 kl
J I J  I ^ .................  - - •
This relation expresses the relative error in in terms of
relative error -— - in W,
iwl
Turning now to the effect of change in K^, let
(R^+M)(d^+ g } = W ......  4-3-6,
Where M is change in R^ . From relations 4-3-1 and 4 - 3 - 6 ,
- K ^ g = M d ^ + M g ;
O A  _ 4 _,- g ~K Mcf +R Mg # ^ 0 0 0 - ^
Taking norms (see relations 3-2-1 ),
IS I s |k;'wdo 1 / IK^Mgll,
.-1....................................................... - ÎI g I S |R^' I I u I I d JI+ I R0 " " 0
{finally - .
n- I I I M I ) Hall  ^ ||R, liijMii \\d^\\.
Now,assuming that 1- j| R^^i | Mj|> o, then
|K-'l I Ml I dJ|
Is  II = — ------------------- ----I k ^ ' l l  «1
_ j g j_  ,  l l ko l l  II k f l  (II M I / I K J I  )
Kgl I-l/<olllk'’l(llM ll/igl) ........ 4-3-7.
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This relation expresses the relative error in
in terms of relative error -M-L in . From relations 4-3-5 and
4-3-7, it follows that llR^II IIR^  I is an important coefficient
denoting the conditioning of the system of equations
I R^ 1 I R~M| is usually referred to as condition number and the
larger it is the more badly conditioned the system is (see[3-5])i
Now the interesting point revealed by relations 4-3-5 and 4-3-7
is that the sensitivity of displacements in a structure due
to pertubation in W and are critically dependent on the
conditioning of Rpd^=W,
An estimate of 1 R^  | | R^^ | may be given as follows:
rConsidering that R^  can be expressed in the form
(see S E C T I O N 7-4), and R^  is nonsingular, then the product 
Tof and a non-zero vector, say x, is a non-zero vector.
JThis means that D x is a non-zero vector and, therefore the 
T Tscalar x l/t/ x is always non-zero. Furthermore, it implies
-fthat yy is a positive definite matrix, then it has a positive
T -definite square root, which is given by (l/D ) ^ such that
T r  I 0 r  1 r  0i/y' = [ )2 ]-= {[(l/t/* .
Assuming that R=(l/l/^ )^  , then if the coefficient j R^ | |R” 1^
is <bused in conjunction with the R-norm (see relation 3-3-70) 
it follows that,
= II3 I  ^ I 3
aiii/Eiig iiyyFr'ig 1 (t / / i i v / t 1 ^  mt/Ei^ti/Ei'n3 .
.«..«« *4-3-8«
T  — 1Considering that two matrices [yV ] R^  and
(l/r are similar, then
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|( “ Ni 3= ike taKge.it eigenvalue IVV^)~^K^
[ o k  i V V ^ ) ' h v ^ V ^ ) .   4-3-9.
From relations 4 - 3-9 and 4-2-2
1 (l'T)"^K^(l/l/^)'H3 ^ ll»ol3 ....  4 - 3 - 10 ,
In the same manner it can be shown that:
l(i/Ti^ K;' [yyf|:|3 < i p f I 3................... .... 4 -3 -n.
From relations 4-3-8, 3-3-10 and 4-3-11 it is deduced that:
IkoL ^(i|l/l'^l3i|(l'T)-’|3)(|Pj3 jjp-Nlj)  4-3-12.
Relation 4-3-12 is the required upper bound and depends on 
the condition number of two matrices and 7^. Examples
of practical applications of relation 4-3- 1 2 are:
(a) The large condition number | ||^ |%  ^ ^indicates that the
presence of very flexible [or stiff) members in a structure 
are sources of ill-conditioning, and are likely to lead to 
inaccurate solution for displacements throughout the structure. 
;fa) The large condition number | j  ^  1 1  (  ^  il 3 indicates that:
(J) The connection pattern is nearly unstable* For example, 
structure contains elements with large differences in the 
dimensions of the elements.
J(2) The size of matrix 1/1/ is very large, i.e. the structure 
is very large, and there are several thousand displace­
ment unknowns. This fact is deduced from the fact that
T T - 7in general the condition number \ (/(/ II3 1|( (/(/ ) I3 depends
Ton the size of the matrix 1/1/ (see C 3- 3] ) .
The numerical difficulty in solution of 
structures considered above can often be avoided by adoption 
of an iterative method. However, its effectiveness may be 
severely limited because such structures have the large 
condition number and hence the convergence rate of the iteration
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may be very slow. Not only does a poor convergence rate 
affect the computing time adversely but also put the degree of 
accuracy of the answer in some doubt.
The effectiveness of computer aided design of structures 
depend on the accuracy of the mathematical model (more 
accurate models normally require the solution of larger order
equations), the speed of solution and the ease of performing
modification. Hence a more rapid and generally reliable 
iterative method could be of significant value.
The method described below combines the concept of 
elimination and iteration in such a way that convergence is 
improved, particularly in the cases the equation are
very ill-conditioned.
Considering T H E O R E M 7, the sequence of vectors
 ^  4 - 3 - J 4 a
converges to displacement vector d, where
...... 4 - 3 - 1 4 b
and y/L K /L
Ct = K 0 K
...... 4-3-14C..
Let (K^+M ) represents the stiffness matrix of a given
7*structure and, suppose (K^+M) is decomposed into UU (U is 
an upper triangular matrix) such that:
Where is the Zth diagonal element of U, n is the number
of decimal places to which matrix (K^+M) is represented in 
the machine and | +  M | represents any norm of (K^+M). Now 
letting = Uil'^  the eigenvalues of J M - K ~ ^  (K^-i-M) will be 
close enough to unity and, therefore from relation 3 - 3 - 1 9b
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X — X
the ratio + rapidly tends to zero. Namely, them a x  m Z nsequence of vectors will converge to d rapidly.
Economical computation of d ,/l and a for successive ic^ K K K
is in fact possible. From relation 4 -3-14b,
OA. 7
Substituting for K ^ d ^ = W into the above relation.
Letting W .=10-(K + M } d it follows thatK-/ 0 K“ /
A, =KT*W -......................................4 - 3 - 1 5a,K 0 K- I '
K a  =W .  4-3-Î56.O K  K- 7
OA.
Substituting for K n, from relation 4 - 3 - 1 5b into relation ° O k
4-3-14(1,
K K- Ia — —y--------  .......4-3-76.
From relations 4-3-14, 4 - 3 - 1 5 and 4-3-16, algorithm 4-3-1 
can be achieved. Intermediate vectors W ,/l and d areK K K
included for computational convenience. Furthermore, the
term {K +M)d . and [K„ + M ) a. need not be evaluated by matrix O k - /  O k  /
multiplication, but would be constructed element by element.
They in fact represent the component of external loading 
system caused by displacement vectors  ^ in the
structure.
S E C T J OM 4-4 N U M E R I C A L  T E S TS
In this section the modification matrix is closely 
examined for different types of structural problems, and the 
validity of the relations 3-5-10 and 3-6-S are checked.
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THE ALGORITHM 4-3-1
Ve.^ Zne. (K^+M), W, n, and  k = Î .
Pec-ompo^ e (K +M) Znto UU'=K tmdoA aondUxon U,>^10 *^||K_+M|| ,0 O XyC U
(Kp+Ml-HluT
rf^_j=(UuH"V
t e s t  1W^_, I
K-J
K-I
NOTE: Tke symbol iiLo^Yii^L<Ui ”fiQ.pla<i2X*\
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PROBLEM ONE
It is required to estimate the displacements and forces 
in a flat grid, where the varying features are the combination 
of the shearing rigidities and torsional rigidities of 
the members.
Consider a flat grid and suppose that a member b
with a torsion and shear coefficients t^and respectively,
is modified to have torsion and shear coefficients t , andmb
^mb '
From relation 3-4-1 and figure 1-3-3,
11 ' _ _, i0 ](
1_1 .
1 )
1
!  ^1
0
i ' 1
6EJ^ 1
0 !{ ,4E?b|l
11
1 — -
L
Where is the second moment of area
r ~
12EI
L
6EI
U 2 S ^  L
6E1
.X.
U 2 S ^  L
1 + 0 . 5S, 4EI,b j c
1+2S
Manipulation of the above equation yields.
1— r--- r n
I'l 0 jo1 11— rI u
1 !
) b 1 1
h t ----1— j1 1
r i
1 1 0 1 0 j
1__ i_ 1 1 ___ L_ J
1+2S,
j 1 ! ' 6E?b 1
L ’-tlb.
1 1 1
_iL_|
1
i 0
i
1
i 0
1
i 0
1
11i
1 ,
' ' ' b  „
1
1 '
1
" 1
j T+fS^ d ! lî.fSb ■""" 1 L 1
-1, it follows that :
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Where and are square matrices that are independent of ^
any modifications.
Now,if all the members of the grid are modified, the 
overall modification matrix is given by:
 4 - 4 - ] ,
Where the summation extends over all the members of the grid. 
Furthermore, if all the members have the same torsion and 
shear coefficients, then
7+ZS  4 - 4 - 2 .
For the case when all the members have the same torsion and 
shear coefficients, relations 3-5-10 and 3-6-8 are checked for 
fifteen diagonal grids. The results of three typical cases 
are given in figures 4-4-1 to 4-4-3, The composition of these 
figures are the same as those given in Chapter 3, The basic 
analyses are for {t^-0,4 &nd 7. 0 ) and the estimated values 
are given for.*
[а] = 0 , 0, S^ = 1, 6 ,
(б ) t^=0 .2 , 5^ = 7. 2 ,
(c) = S^=0, 8 ,
id) = 3^ = 0 . 0  .
Where and are the common torsion and shear coefficients
of the members of the grid. Furthermore, the bending
rigidities of diagonal members and edge members are I^and 61  ^
respectively, and H / H ^ = l ,5,
The results of the comparison given in figures 4-4-1 
to 4 - 4- 3 are quite satisfactory. In the case of deflections 
bending stresses and shear forces the maximum, the next largest and
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ESTtHRTEO VALUES OF □1SPLRCEMENTS (FIRST STEP)JOINT NUMBER S0=0 10 = 0
-3.8^E-04 10.0
-1 .05E-03 10.0-1-56E-03 tO-1
-6.88E-04 I - H  •■< )-7.93E-Q,I (0.4-l .19E-03 (0.9 -3.4GE-04 (0.0-1.83E-03 (9.3
-1 .OlE-03 (0.0X-R 14
6.92E-04 (-049E-04 (-0 7.56E-04 (0.0
ESTIHRTED VALUES OF FORCES RND STRESSES (FIRST STEP )MEMBER
S0=1 .6 50= 1 .2T0 = 0 .0 -9.13E-02 (5.4.60E-02 1-10.51 66E-02 (0.0-13
4.67E-03 (-0. 4.27E-03 10.0
-2 .B9E-03 (-10.41-3.47E-03 (0.0-4.91E-03 (0.0
4.59E-03 (5.23.9IE-03 10.0-13
ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP IJOINT NUMBER 50 = 0.0T0=0.650=I.2 50=1 .0
-5.31E-04 (2.4 -4.33 E -04 (0.1 -3.84E-04 (0.0
-1 .OSE-03 (0.0-1 .22E-Q3 (0.1-1.56E-03 (2
-1 .03E-03 (5.4 -1.19E-03 (0.3 -3.40E-04 (0.0
-1 .13E-03 (0.1 -l .OlE-03 (0.0-1 .34E-03 (2.2
Q.49E-04 (0.2 7.56E-04 10.01 .O3E-03 ( 2
ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
50=0.0 I T0=0.0S0=1.2 T0=0.4T0=0.0 50= 1 .6 50=1 .0
BOE-02 (3.7 -Q.S8E-02 (0.2 -0.66E-O2 10.0-13
4.E3E-03 (0.1 4.12E-0 3 (0.05.72E-03 (2.1-S
5.45E-03 ( l 4.27E-03 (0.0
-2.89E-03 (0.1-4.91E-03 (2.3 -3.9SE-03 (0.1 -3.47E-03 (0.0
3.72E-03 (0.1 3.91E-03 (0.0
NOTE : THE FIGURES IN BRACKETS ARE THE PERCENTAGE DIFFERENCES BETWEEN THE ESTIMATED AND THE CORRESPONDING RNALTTICALLT 
OBTAINED VALUES.
FIG. 4-4-1
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)T0=0.0 . SO=1.6 T0=0.2 . S0=I.2 T0 = 0 -4 . 50=1.0 T0 = 0 .6 . 50=0.8 TO-0.8 . S0=0-0Z-D 25 -I.32E-03 I-0.7 1 -1.23E-D3 [-0.2 ) -I.18E-03 lO.D ) -I.I4E-03 (-0.2 ) -1 .04E-03 (-2.5 )X-R 21 -3.64E-C3 (3-7 ) -3.20E-03 (0.4 ) -2.99E-03 (0.0 ) -2.84E-03 (0.1 I -2.65E-03 (-5.0 )Y-R 12 2.3BE-03 (-1.4 ) 2.20E-03 (-0.3 ) 2.21E-03 (0.0 ) 2.14E-03 (-0.2 ) 2 .05E-03 (-2.8 )
MEMBER
I-J
foRui m  imisckt ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP)
T0=0.0 . S0=1.6 T0=0.2 . 50=1.2 T0 = 0.4 . 50=1.0 T0=0.6 > 50=0.6 T0 = 0.8 . 50=0.020 -25 5 I I.25E-01 (-1.8 ) 1.25E-01 (-0.S ) 1.25E-Q1 (0.0 ) 1 .25E-01 (-0.2 ) 1.25E-01 (6.7 )20 -24 6 I I.93E-02 (-1 .6 ) 1.B7E-02 (-0.3 1 1 .B2E-02 (0.0 1 1.7BE-02 (-0.2 ) I .75E-02 (-2.1 )20 -25 5 J -3 .15E-02 (-1 .6 ) -3.DIE-02 (-0.3 ) -2-91E-02 (0.0 ) -2.03E-02 (-0.2 ) -2.75E-02 (-0.1 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)TO.0.0 . SCI. I .6 T0=0.2 . S0=1.2 T0=0.4 . 50=1.0 T 0 = 0 . S , SO =0.8 T0=0.8 . 50=0.0Z-D 25 -I.32E-03 [1.0 ) -I .23E-03 (0.1 ] - 1 .18E-03 10.0 1 -1.14E-03 1-0.0 ) -1 .04E-03 (-1.0 )X-R 21 -3.64E-03 [ 2.3 ) -3.20E-03 (0.1 ) -2.99E-03 (0.0 ) -2.04E-03 (-0.0 ) -2.6SE-03 (-0.9 )Y-R 12 2.38E-03 (0.9 ) 2.28E-03 (0.1 ) 2.21E-03 (0.0 1 2.14E-03 (-0.0 ] 2.Q5E-03 (-I .0 )
MEMBER
I-J
ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
TQ.Q.O . S0=I.6 T0=0.2 . S0=1.2 T0=0.4 . 50=I.0 TO=0-6 . 50=0.8 T0=0.8 . S0= 0.02G -25 S I 1.2SE-0! (0.5 ) 1.Z5E-01 (O.I ) I.25E-01 (0.0 ) 1.25E-01 1-0.0 ) 1.25E-0I (-4.4 )20 -24 6 I 1.93E-02 (0.8 1 1 .07E-O2 (0.1 ) I.B2E-02 (0.0 I 1 .78E-02 I-0.0 ) 1 .75E-02 (-I.5 )20 -25 e J -3.15E-02 (0.7 ) -3.01E-02 (0.1 ) -2.91E-02 (0.0 1 -2.B3E-Ü2 (-0.0 I -2.75E-02 (-2.0 )
N O T E i T H E  F I G U R E S  IN BRFICKETS A R E  THE P ER CE NTfl CE D I F F E R E N C E S  B E T W E E N  TH E  E S T I M A T E D  R N D  THE C O R R E S P O N D I N G  H N A L Y r i C R L L Y
O B T A I N E D  V A L U E S .
FIG. 4-4-2
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP 1T0=0.0 . S0=1.6 TO = O.Z . 50=1.Z 10=0.4 . 50=1.0 10=0.6 . 50=0.8 10 = 0.8 • 50 = 0.0Z-0 16 -3.Z3E-03 (-0.4 I -3 .1lE-03 (-0.1 1 -2.986-03 10.0 1 -2.886-03 1-0.1 1 -2.686-03 1-2.8 1X-R M -4.60E-03 (-1 .9 1 -4 .466-03 1 -0 .3 1 -4.326-03 10.0 1 -4.196-03 1-0.2 ) -4 .096-03 (-3.9 1Y-R I 4.B5E-03 1Z . I ) 4.73E-03 10.3 1 4.70E-03 (0.0 1 4 .696-03 10.1 ) 4.696-03 10.2 1Y-R Z 5.03E-03 10.9 ) 4.B6E-03 10.1 1 4 .776-03 10.0 1 4.716-03 (0.0 ) 4.626-03 1-l.D 1Y-R 4 S.12E-03 ( -0.3 1 4.9ZE-03 1-0.1 1 4.776-03 10.0 ) 4.656-03 (-0.1 ) 4.516-03 1-2.4 1
MEMBER
I-J
FMC.I ID. ItlCIDIDI ESTIMATED VALUES OF FORCES AND STRESSES IFIRST STEP)
T0=0.0 . 50=1.6 10 = 0.2 . 50=1.2 10=0.4 , 50=1.0 10 = 0.6 f 50= 0.8 10 = 0.8 . 50=0.0IZ -16 5 1 l.ZSE-Ol 10.6 1 1 .256-01 1-0.1 ) l.ZSE-Ol 10.0 1 1 .256-01 (0.2 1 1.256-01 14.5 17 -13 6 I 3.O3E-0Z 10.0 1 Z.9IE-Q2 1-0.0 1 2.846-02 10.0 1 2.706-02 (-0.1 ) 2.726-02 1-2.0 )
IZ -16 6 J -4.46E-0Z 1-0.1 1 -4.2ZE-0Z (-0.1 1 -4.046-02 10 .0 1 -3.906-02 1-0.0 ) -3.776-02 1-2.D 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP 110 = 0.0 • 50=1i 6 10 = 0.Z . 50=1.Z 10=0.4 . S0=1.0 10=0.6 . 50=0.8 10=0-8 . 50=0.0Z-0 16 -3.Z9E-03 10.4 ) -3 . 11 E-03 10.0 1 -2.906-03 10.0 1 -2.886-03 (-0.0 ) -2.686-03 1-0.6 1X-R 14 -4.60E-03 10.5 ) -4.466-03 10.0 1 -4.326-03 10.0 ) -4.196-03 1-Q.O 1 -4 .096-03 1-0.8 )Y-R 1 4 .BSE-03 10.5 1 4 .736-03 (0.0 ) 4.706 -03 1 0 .0 1 4 .696-03 ( -0 .0 ) 4.696-03 10.2 1Y-R 2 5.03E-03 (0.3 1 4.866-03 10.0 1 4.776-03 10.0 I 4.716-03 (-0.0 ) 4.626-03 10.I 1Y-R 4 5.1ZE-03 (0.4 1 4.9ZE-03 10.0 1 4.776-03 10.0 1 4.656-03 1-0.0 1 4.516-03 (-0.3 1
MEMBER
I-J
.O.CII ID. II. I9 1 I.I estimated values of FORCES AND STRESSES 1 SECOND STEP 1
10=0.0 . 50=1.6 10 = 0.Z . 50=1.2 10 = 0 .4 , 50=1.0 10 = 0.6 . 50=0.8 10=0.8 . S0=0.0IZ -16 S I l.ZSE-Ol (-0.1 1 1 .256-01 10.0 1 1.256-01 10.0 ) l.ZSE-Ol (0.0 1 i.266-01 I-S.I )7 -13 8 I 3.03E-02 (0.8 1 2.916-02 (0.0 1 2.846-02 10.0 ) 2.786-02 1-0.0 ) 2.72E-Q2 1-1.0 )12 -16 6 J -4.46E-0Z 1 Ü .4 1 -4.226-02 (0.0 1 -4.046-02 10.0 ) -3.906-02 (-0.0 1 -3.776-02 1-2.5 1
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the average errors are
DISPLACEMENTS MAXIMUM S E C O M V  L A R G E S T AVERAGE R E L A T I O N USEDOR F O RC E S ER RO R ERROR E R R O R
6.9% 3.8% 7.93% 3 - 5 - l O a
II 2 .6 % 2.4% 7.50% 3 - 5 - l O b
Be,ndying 70.4% 6.9% 3.34% 3 - 6 - S d
II 3.9% 3.7% 7.89% 3 - 6 - S b
SkzaH. 74.0% 7 0.0% 6.75% 3—6—8#
II 7.9% 5.9% 3.70% 3 — 6 — 8 b
PROBLEM TWO
It is required to estimate the displacements and forces
in plane rigidly jointed structures, where the varying feature
is the bending rigidities of the members.
Consider a plane rigidly jointed structure and suppose
that a member b with cross-sectional area and second moment
I, is to be modified to have cross-sectional area A . and D mo
second moment area Imb '
From relation 3-4-1 and figure 1-3-3
T ...
1
0 1 1
1
° 1
11I
1
0 1
1
0
1 1i J 1 1 1 J11 011
1 1 - 1 ^
11 'Z E Ib 1 - ^ ” b!
j 1 11 1 1
1 1 1
1 -6EÎ^ !
1
1 0 -  1 1 1 011 1 /- 1 1 1 J. 1
Manipulation^of the above equation gives:" n=---
-I I 72EIbT_6EIb-l
L''
T Ë Ï
_
,±.4EÎ
From relations 3-4-2 and figure 3-4-1, it follows that:
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%  D
Where andDj^ are constant square matrices.
Now, if all the members of the structure are modified» 
the overall modification matrix is given by:
M=z -'1 ^ 6  -'lOlb
Where the summation extends over all the members of the grid. 
Furthermore, if only the second moments of areas of members are 
varying, then
M=s{— .......4-4-3.
h
For the case when the modification matrix is given by 4-4-3, 
the relations 5-5-10 and 3-6-8 are checked for five plane 
rigidly jointed arch structures . The results are given in 
figures 4-4-4 to 4-4-8. The composition of these figures 
are the same as those given in Chapter 3 except that the letter 
A stands for axial force. The basic analyses are for I/I^=
0 .4 and the estimated values are given for:
(#) I/Ip=0 .2 ,
(b) I/Ip=0.3,
(c) I/I^=0.6, 
id] I/Tp=0 .8 .
Where I and are the second moments of areas of boundary 
and inner members, respectively. Furthermore, the cross- 
sectional areas of members are considered to be the same.
The results of the comparison given in figures 4 - 4 - 4 to 
4-4-8 are quite satisfactory. In this case, the errors are 
found to be :
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)l/'IO-O.Z 1/10=0.3 1/10=0.4 1/10=0.8 1/10=0.8E-R 8 -1.4SE-01 (-2.3 1 -1.35E-01 (-0.5 1 -1.30E-01 (0.0 1 -l.ZOE-01 (-1.1 ) -I.13E-01 (-3.4 1X-0 6 -1 .TTE-02 I 1 .0 1 -1 .31E-02 (0.2 1 -1 .04E-02 10.0 ) -7.42E-03 10.5 1 -5.80E-03 (1.4 )X-0 8 -1.74E-03 (71.9 1 4.72E-03 (-4.2 1 8.15E-03 (0.0 1 ! . 15E-02 I-3.0 1 1 .29E-02 (-7.5 1X-D 10 1.02E-03 (-103.2 6.I7E-03 I-2.7 1 8.89E-03 10.0 1 1.15E-02 (-2.6 I 1.25E-02 (-6.8 1T-D 18 -7.60E-0Z (-1.8 1 -B.95E-02 1-0.4 1 -6.53E-0Z (0.0 ) -5.95E-02 1-1.0 I -5.55E-02 (-3.1 1
MEMBER
I-J
*«UI ICI ■Ultllll ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP 1
1/10=0.2 1/10=0.3 1/10=0 .4 1/10=0.6 1/10=0.8Z -4 6 I I .27E*00 (-1.2 ) 1 .21E + 00 1-0.2 1 1 .1BE*00 10.0 1 1 .13E*00 I-0.5 ) 1 .09E*00 (-1 .5 1Z -3 6 I 1 .4IE*00 10.2 ) 1 .07E»00 10.1 ) 8.62E-01 (0.0 1 5.3DE-01 (0.2 ] S.03E-01 (0.5 1I -3 A I 3.86E-01 (-0.0 ) 3.06E-01 ( -0.0 ) Z.SBE-Ol (0.0 1 2.04E-01 (-0.1 1 1 .73E-01 (-0.3 1Z -4 S I 6.81E*00 (1.5 1 6.S5E+00 (0.3 ) B.91E=00 [0.0 1 7.03E*00 (0.5 1 7 .1 4E *00 (1.4 13 -G 6 J -1-45E + 00 ( 1 .8 ) -1 .10E = D0 10.3 1 -0.89C-01 (0.0 1 -6.58E-01 10.4 1 -5.31E-01 (0.8 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS 1 SECOND STEP 11/10=0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.8Z-R 8 -1-46E-01 (0.3 1 -1.3BE-01 (0.0 1 -1.30E-01 (0.0 1 -1.20E-0! (-0.1 1 -1.13E-01 I-0.5 1X-0 5 -1 .77E-0Z (0.3 1 -1 .31E-02 10.0 ) -1.04E-02 10.0 ) -7.42E-03 1-0.1 1 -5.80E-03 (-0.5 )X-0 8 -1 .74E-03 (7.2 1 4.72E-D3 (-0.1 1 8.15E-03 (0.0 1 1 .15E-Q2 (0.0 ) 1.Z9E-02 (-0.1 1X-0 10 1 .02E-03 I -8.7 1 6.17E-D3 (-0.1 1 8.89E-03 (0.0 1 1 .15E-02 1-0.0 1 1.Z5E-02 (-0.2 1Y-0 18 -7.B0E-02 (O'.4 1 -B.95E-02 (0.0 ) -B.53E-02 (0.0 1 -5.95E-0Z (-0.1 1 -5.S5E-0Z (-0.8 )
MEMBER
I-J
men ESTIMATED VALUES OF FORCES AND STRESSES I SECOND STEP 11/10 = 0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.82 -4 6 I 1 .Z7E*00 (0.1 1 1 .ZIEtOO 10.0 1 1.18E«00 10.0 ) 1 .13E*D0 (-0.0 1 1 .09E*OQ (-0.2 12 -3 6 1 I .41E«00 ( -0.0 1 1.07E*00 10.0 ) 8.B2E-01 (D.O ) 6.30E-01 (-0.0 1 5.03E-01 (-0.0 11 -3 A I 3.86E-01 (0.0 1 3.06E-01 (0.0 1 2.5BE-Q1 (0.0 1 2.04E-01 1-0.0 ) 1.73E-01 (-0.2 )2 -4 S I 6.81E + 00 (-0.1 1 B.eSE'OO (-0.0 1 6 .91 E *00 (0.0 1 7.D3E*00 (0.0 1 7 .1 4 E ♦ 00 (0.1 13 -6 6 J -1.46E*00 (0.9 ) -1 .lOE'OO (0.1 1 -8.89E-01 10.0 1 -6.58E-01 (-0.2 I S .31E-01 (-1.3 3
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H f  a = 2 RSXn0 / 2
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP)I/I0-0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.82-R 10 -l.SBE-Ol 1-3.1 1 -1.49E-01 (-0.6 1 -1.436-01 (0.0 ) -1.33E-01 (-1.3 1 -1.266-01 (-4.0 )Z-R 12 -1.5BE-0I 1-2.8 1 -1 .51E-01 (-0-5 1 -1 .456-01 ( 0.0 I -1 .306-01 (-1 .2 ) -1.306-01 (-3.0 )X-0 7 -1 .47E-02 12.7 1 -1.03E-02 (0.5 I -7.976-03 (0.0 I -5.496-03 (1 .0 ) -4.206-03 (3.1 1X-D 12 1.39E-03 1-77.7) 6.38E-03 (-2.8 ) 0.876-03 10.0 1 1 . 126-02 I-2 .5 1 1 .206-02 1 -5 .6 )X-0 14 2.00E-03 (-46.71 6.59E-03 1-2.2 1 8.906-03 (0.0 I 1 .106-02 (-2.4 ) 1 .186-02 (-6.2 IY-D 25 -7.51E-02 (-2.4 I -6.975-02 I-0.5 ) -6.556-02 (0.0 1 -5.986-02 (-1.1 ) -5.596-02 (-3.6 )Y-D 26 -7.53E-02 1-2.5 ) -7.03E-02 (-0.5 ) -5.676-02 (0.0 ) -5 .156-02 ( - 1 -2 1 -5 .786-02 (-3 .6 1
MEMBER
I-J
fcitll iH xnntii ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP 11/10=0.2 1/10=0.3 1/10=0.4 1/10=0-5 1/10=0.82 4 6 I 1.B4E + 00 1-I .6 ) 1 .506*00 [-0.3 ) 1 .536*00 (0.0 ) 1 .475*00 (-0.6 ) 1.426*00 (-1.8 )2 -3 G I 1.93E+0Û (2.2 ) 1 .396*00 (0.4 I 1.096*00 (0.0 I 7.846-01 (0.8 ) 6.22E-01 (2.5 )I -3 A I 3.34E-01 (1.7 1 2.546-01 (0.3 1 2.116-01 (0.0 ) 1 .656-01 (0.4 ) 1.406-01 (0.9 )2 -4 S I 1 .165*01 (2.6 I I.I8E*01 (0.4 1 1 .206+01 (0.0 ) 1 .236*01 ( 0.3 ) 1 .276*01 ( 2 .1 11 -3 6 J -7.20E-0I [-0.6 1 -7.526-01 (-0.1 1 -7.706-01 (0.0 ) -7.656-01 (-0.3 ) -7.906-01 (-1.0 )IJ -G 5 J -2.Q1E*Q0 (1.9 1 -1 .486*00 (0.3 1 -1 .196*00 10.0 ) -0 .836-01 ( 0 .3 1 -7.176-01 (0.6 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS I SECOND STEP)1/10=0.2 1/10=0.3 1/10=0.4 1/10=0.5 1/10=0.8Z-R 10 -l.SBE-Ol (0.3 1 -1.496-01 (0.0 1 -1.43E-01 (0.0 1 -1.336-01 (-0.1 1 -1.266-01 (-0.5 1Z-R 12 -l.SBE-Ol (0.4 ) -1.516-01 10.0 1 -1 .456-01 (0-0 1 -1-356-01 (-0.1 I - 1 .306-01 (-0.5 )X-0 7 -1 .47E-02 (1.0 I -1 .036-02 (0.1 I -7.976-03 (0.0 1 -5.496-03 (-0.3 1 -4 .206-03 (-1.6 :X-0 12 1.39E-03 (-9.7 1 6.38E-03 ( -0.1 ) 8.37E-03 (0.0 ) 1 .126-02 10.0 ) 1.206-02 1-0.0 1X-D 14 2.QOE-03 (-4.1 ) 6.596-03 I-0.0 ) 8.906-03 (0.0 ) 1 .106-02 (-0.0 1 I .186-02 (-0.3 1Y-D 25 -7.61E-02 10.4 1 -6.976-02 (0.0 1 -6.556-02 (0.0 ) -5.9RE-02 I-0.1 I -5.596-02 (-0.5 1Y-0 25 -7.59E-02 10.4 1 -7.036-02 (0.0 ) -6.676-02 (0.0 I -5.156-02 (-0.1 ) -5.706-02 ( -0.5 )
MEMBER
I-J
ruRccc ICI ftitieiti ESTIMATED VALUES OF FORCES ANO STRESSES ISECONO STEP 11/10=0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.82 -4 6 I I.64E»00 (0.1 1 1 .586*00 (0.0 ) 1 .536*00 (0.0 I 1 .476*00 (-0.0 ) I .426*00 (-0 .2 12 -3 5 I 1.935*00 (0.8 ) 1-39E*00 (0.1 1 1 .096 *00 (0.0 1 7.046-01 (-0.2 ) 6.226-01 I-1.2 11 -3 A I 3-34E-0I (0.8 I 2 .546-0 1 (0.1 1 2.116-01 10.0 I 1.556-01 (-0.2 1 1.406-01 (-1.0 )2 -4 S 1 l.lGEiQl (-0.1 ) 1 .186*01 1-0.0 I 1.206*01 10.0 I 1.236*01 (O.Q 1 1.276*01 (0.1 )1 -3 6 J -7.20E-01 (0.3 1 -7.526-01 (0.0 1 -7.706-01 (0.0 I -7.856-01 (-0.1 I -7.906-01 (-0.4 )3 -6 5 J -Z.OIE'OO (1.1 1 -1.486*00 (0.1 ) -1.196*00 (0.0 ) -8.836-01 (-0.3 I ~l*l/C"OÏ t-1.4 Ï
NOlEiTue FIGURES IN BRnCMETS FIRE F HE PERCENTAGE DIFFERENCES BETWEEN THE ESTIMATED AND THE CORRESPOND I NO ANRLYTICRllT OBTAINED VALUES.
FIG. 4-4-5
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP 1I/IO-0.2 1/10*0-3 1 1/10*0.4 1/10=0.6 1/10*0.8
Z-R B -I.49E-01 1-2.8 1 -1.40E-0I I -0.5 1 I-I.34E-01 (0.0 1 1 .24E-01 (-1.2 1 -1.17E-01 (-3.6 1
X-0 7 -1.55E-02 12.3 1 -I.I6E-02 10,4 1 1 -8.9GE-03 (0.0 1 -5.08E-03 (0.9 1 -4.57E-03 (3.0 1
X-0 12 l.OIE-03 (-95.81 S.97E-03 (-2.S 1 1 8.S2E-03 10.0 1 1.09E-02 (-2.5 1 1 .19E-02 ( -6.4 1
Y-0 21 -7.4IE-02 1-2.1 I -6.74E-02 (-0.4 1 I-6.30E-02 (O.Q ) -5.72E-02 (-1.1 I -5.31E-02 (-3.4 I
Y-0 22 -7,4IE-02 (-2.2 1 -6.B2E-03 I-0.4 1 1-6.44C-02 10.0 1 -5.9IE-02 (-1.1 I -5.53E-OZ (-3.5 1
MEMBER
t-J
r«uj> iniiuii ESTIMATED VALUES OF FORCES AND STRESSES (FIRST STEP 1
1/10*0.2 1/10*0.3 1/10*0.4 1/10*0.6 1/10*0.8
2 -t 6 I I.44E*D0 I - 1 .4 1 1.3BEi00 (-0.3 1 1 .34E«0Q 10.0 1 I .29E*D0 1-0-B 1 1 .2SE«0D (-1.7 1
2 -3 6 I I.7IE«00 11.3 1 1.25E»00 (0.2 ] 9.96E-QI (0.0 1 7.I7E-01 105 1 5.69E-01 (1.6 )
1 -3 B I 3.62E-01 (0.9 1 2.79E-0I lO.l ) 2.33E-0I 10,0 1 l.a?E-01 (0.2 1 1.S4E-01 10.4 1
2 -4 S I g.OSEiOO (2.1 1 9.ISE'OO (0.4 ) 9.28E*0D (0.0 1 9.5IE«00 (0.7 1 3.72E + 00 (1 .8 )
1 -3 E J -S.96E-0I (-0.7 ) -6.26E-0I I -O.I 1 -6.42E-01 10.0 1 -6.56E-01 (-0.3 1 -6.61E-01 (-1.1 )
a -s 6 J - I .7EE«00 (1.7 1 -l.30E*00 (0.3 1 -1.OSE «00 10.0 I -7.79E-01 (0.3 1 -6.30E-01 10.5 1
JOINT NUMBER ESTIMATED values OF DISPLACEMENTS (SECOND STEP I1/10=0.2 1/10*0.3 1/10*0.4 1/10=0.6 1/10*0.8
Z-R 8 -1.43E-01 tO-2 I -1 .4QE-0T (0.0 ) -1.34E-Q1 (0.0 1 -I.Z4E-01 (-0.1 1 -1.17E-01 1-0.4 1
X-0 7 -I.65E-02 (0.0 1 - I.IBE-OZ 10.1 I -B.9BE-03 (0.0 1 -6 08E-03 (-0.2 I 4 .S7E-03 (-1.4 I
X-0 12 l.OIE-03 (-9-6 J S.97E-03 (-0.1 1 8.52E-D3 (0-0 1 1 .39E-02 (-0.0 1 1.I9E-02 (-0.2 1
Y*0 21 -7.41E-02 10.3 1 -6.74E-02 (0.0 1 -6.3DE-02 (0.0 I -S.72E-02 I-0.1 I -S.31E-DZ 1-0.5 1
Y-0 22 -7.4IE-02 10.4 ( -6.82E-02 (0.0 ) -6.44E-D2 (0.0 1 -5.91E-02 (-0.1 1 -5.53E-02 (-0.S 1
MEMBER
I-J
«■•1*1 •r»«t«lll ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10 = 0 .2 1/10*0.3 1/10*0.4 1/10=0.6 1/10*0.6
2 4 A I 1 .44E«00 (0.1 1 l.38E«00 10.0 1 1.34E«00 (0.0 1 1 .29E*D0 1-0.0 1 l.25E*00 (-0.2 I
2 3 6 I I -7IE*00 (0 4 1 1.2SE»00 10.0 1 9.96E-0I (0.0 I 7.17E-D1 I-0.1 1 5.69E-01 I-0.7 1
1 -3 A I 3.62E-0I 10.4 1 2.79E-01 (0.0 1 2.33E-0I (0.0 1 I.82E-0I I-O.I ) I.S4E-01 (-0.6 1
2 4 5 I 9.05E»00 (-0-1 I 9.IGE «00 1-0.0 1 g.28E*00 (0.0 1 9.S1E«00 (0.0 1 9.7ZE*00 (0.1 1
1 -3 6 J -5.96E-0I 10.3 1 -6.26E-01 (0.0 1 -6.42E-0I 100 1 -6.56E-0I (-0.1 1 -6.61E-0I (-0.4 1
a -8 6 J - I.76E*00 (0.9 1 -l.30E«0D 10.1 1 -1.05E+00 (0.0 1 -7.7DE-0( (-0.2 1 -6.30E-0I (-13 (
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T 1 Sctri- 30a -4— 30a -4— 3Ca 4- 75& +
U'
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (FIRST STEP 11/10=0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.6
Z-R Z3 -3.96E-D3 1-0.3 ) -3.S7E-03 I-O.I ) -3.25E-03 10.0 ) -2.77E-03 I -0.3 1 -2.42E-03 (-1.0 1
X-0 4-1 1 .48E-04 (-1.9 ) 1 .37E-04 (-0.3 ) 1.27E-04 (0.0 I 1 .1 lE-04 (-0.8 ) 9.84E-05 1-2.5 1
T-D 32 -3.32E-D4 (-0.3 ) -3 .01 £-04 (-0.1 ) -2.7SE-04 (0.0 I -2 .3BE-04 1-0.3 1 -2.08E-04 1-1.0 1
MEMBER
I-J
ESTIMATED VALUES OF FORCES AND STRESSES IFIRST STEP 1
1/10 = 0.2 1/10=0.3 1/10 = 0.4 1/10 = 0 .6 1/10=0 .8
50 -S3 6 1 1.59E-01 (-0.5 I 1.50E-0I l-D.t ) I.42E-0I 10.0 ) 1.30E-01 (-0.3 ) 1.21E-01 1-1.1 J
50 -S3 A I 3.28E-Q3 (-2.7 1 3.08E-03 1-0.5 ) 2.88E-03 (0.0 1 2 .54E-03 (-1.0 ) 2.27E-03 (-3.1 )
47 -SO S I -4.SBE+OO 1-0.2 1 -4.65E+00 (-0.0 I -4.71E=00 10.0 I -4 .79E*00 (-0.1 ) -4.84E*00 (-0.4 )
47 -50 6 J -l.BOE-01 (-0.5 1 -I.51E-OI I-O.I 1 -1.44E-QI (0.0 I -1.32E-01 (-0.3 1 -I.23E-01 1-1.1 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP)1/10=0.2 1/10=0.3 1/10=0.4 1/10=0.6 1/10=0.8
Z-R 23 -3.96E-03 10.3 1 -3.57E-03 (0.0 ) -3.25E-03 10.0 1 -2.77E-03 1-0.1 I -2.42E-03 (-0.4 )
X-0 44 1.48E-04 (0.3 I I .37E-04 (0.0 ) 1 .27E-04 (0.0 i 1 .1 lE-04 1-0.1 I 9.84E-05 (-0.4 1
T-D 32 -3-32E-04 10.3 1 -3.0IE-Q4 10.0 ) -2.75E-04 (0.0 1 -2.35E-04 1-0.1 ) -2.08E-04 (-0.4 1
MEMBER
I-J
ESTIMATED VALUES OF FORCES AND STRESSES (SECOND STEP)
1/10=0.2 1/10=0.3 1/10 = 0.4 1/10=0.6 1/10=0.8
50 -53 6 I 1.59E-0I (0.3 ) 1.50E-01 10.0 ) 1.42E-01 (0.0 1 1.3ÛE-01 (-0.1 ) I.21E-01 (-0.4 1
50 -53 A I 3.28E-03 (0.2 ) 3.08E-03 10.0 1 2.88E-03 10.0 ) 2.54E-03 1-0.1 1 2.27E-03 (-0.3 )
47 -50 S I -4.50E»OO (0.2 ) -4.G5E*00 10.0 1 -4.71E*00 (0.0 ) -4 .79E*00 (-0.0 ) -4.84E*00 1-0.2 )
47 -50 5 J -1.60E-D1 10.3 ) -I.SIE-Ol (0.0 I -1.44E-OI (0.0 I -1.32E-01 1-0.1 I -1.23E-01 I-0.4 1
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•VcaidboJia
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JOINT NUMBER ESTIMATEO VALUES OF 01SPLACEMENTS 1 FIRST STEP 11/10=0.2 1/10=0.3 1/10=0-4 1/10=0-6 1/10 = 0-8Z-R 29 -2.35E-02 1-0.3 ) -2.12E-02 1-0.1 1 -1 -93E-02 10-0 1 -1.646-02 1-0-3 1 -1 .436-02 1-1 .0 1X-0 32 -1 .37E-03 1-0.1 1 -1.22E-03 1-0.0 1 -1 -11E-03 10.0 1 -9-366-04 1-0-0 1 -8 -156-04 1-0.1 1r-D iG -4 . lQE-03 1-0-2 ) -3.69E-D3 1-0.1 1 -3-37E-03 10-0 1 -2.836-03 1-0.3 ) -2.526-03 1-1 -0 1
MEMBER
I-J
r o c t i  101 iT tts t t li ESTIMATED VALUES OF FORCES ANO STRESSES IFIRST STEP)
1/10=0-2 1/10=0.3 1/10=0-4 1/10=0.6 1/10 = 0.823 -26 6 I 3-47E-01 1-0-5 1 3-26E-0I 1-0.1 1 3.tOE-OI 10.0 1 2.836-01 1-0.3 1 2.636-01 1-1.2 120 -23 A I I-39E-02 1-2.6 ) 1.30E-02 1-0.4 1 1.216-02 10-0 J 1 -066-02 1-1.0 1 9-426-03 1-3-0 12^  -27 A I -I -57E-02 17-8 1 -1.25E-02 11.5 ) -1.Q6E-02 10-0 1 -B.276-03 13 -3 1 -6.876-03 110.1 123 -26 5 1 6-29E*00 1-0-1 1 6 .42E»00 1-0.0 1 6-S3E<00 10-0 1 6.686*00 l-O-I ) 6-766*00 1-0-4 120 -23 6 J -3.36E-01 1-0.4 1 -3.13E-01 1-0-1 ) -2 -956-0! 10-0 1 -2-676-01 1-0-3 1 -2-466-01 1-1-1 J
JOINT NUMBER estimated values of DISPLACEMENTS I SECOND STEP 11/10=0-2 1/10=0.3 1/10=0-4 1/10=0 .6 1/10=0-8Z-R 29 -2.3SE-02 10.3 1 -2.12E-02 10-0 ) -1 .936-02 10.0 1 -1 -6'IE-OZ 1-0-1 1 - 1 .436-02 1 -0 .4 1X-0 32 -I -37E-03 1 -0-1 ) -1 .22E-03 1-0-0 1 -1-llE-03 10.0 ) -9-366-04 1-0.0 1 -8.156-04 1-0.1 1
T-D <16 -4.10E-Q3 10-3 1 -3-69E-03 10.0 ) -3.376-03 10.0 ) -2-886-03 1-0-1 1 -2.526-03 1-0-4 1
MEMBER
I-J
PfllClt 1 Cf t l l l l f l l J ESTIMATEO VALUES OF FORCES AND STRESSES 1 SECOND STEP 1
1/10=0-2 1/10=0-3 1/10=0-4 1/10=0.5 1/10=0-823 -26 6 1 3-47E-01 10-3 1 3.2BE-01 10-0 ) 3-lOE-OI 10-0 1 2 .836-01 1-0.1 ) 2 -636-01 1 -0.4 J
20 -23 A I I -39E-02 10-2 ) 1 .306-02 10.0 1 1.216-02 10.0 1 1.066-02 l-O-I ) 9-426-03 1-0-3 124 -27 A I -1 -57E-02 10.7 1 -1.256-02 10-1 I -1 .066-02 10-0 ) -8.276-03 1-0.1 1 -6-876-03 1-0-7 1
23 -26 S I 6.29E+00 10.2 1 6 -426 pQO 10-0 I 6.536*00 10.0 ) 6.606*00 1-0.0 1 6-766*00 1-0-2 1
20 -23 6 J -3.36E-01 10.3 1 -3-13E-01 10-0 ) -2-956-01 10-0 1 -2.676-01 1-0.1 1 -2.46E-U1 1-0.4 1
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DISPLACEMENTS OR FORC E S MAXIMUME R R O R SECOND L A R G E S T  E RROR AVERAGEERROR RELATIONUSED
Ve.^le.ctZo 3.6% 3.5% 2.79% 3-5 — 7 0 fl.
fi 0 .6 % 0.5% 0.42% 3-5-706
BzndÂ.ng 2.5% 2 .2 % 7.7 5% 3 — 6 — S CL'
II 7.4% 7.3% 0.5% 3 - 6 - S b
PROBLEM THREE
It is required to estimate the displacements and 
forces in pin-jointed structures, where the varying features 
are the cross-sectional areas of the members.
Consider a pin-jointed structure and suppose that a 
member b with cross-sectional area is modified to have 
cross-sectional area Amb'
From relation 3~4~1 and figure 7 -3 - 3
=
EAmb
L
0
L
0
From relations 3-4-2 and figure 3-4-7 it follows that: 
^b
Where is a constant square matrix.
Now, if all the members are modified,the overall 
modification matrix is given by:
A
For the case when the modification is given by 4-4-4 , the
relations 3-5-7 0 and 3-6-S are checked for ten pin-jointed 
double layer space structures. The results of four typical 
cases are given in figures 4-4-9 to 4-4-72.
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP]n/A0 = 0 .2 A/A0=0 .3 A/RO=0.4 R/A0=0.6 A/no=o.8Z-0 36 -2.79E-01 (-0.0 1 -2.4ZE-0I 1-0.0 1 -2.23E-01 10.0 1 -2.04E-01 1-0.0 1 -1 .94E-OI 1-0.0 1X-0 15 1.87E-02 1-0.8 1 1 .8SE-02 1-0.1 1 1.84E-02 (0.0 1 1 .B2E-02 1-0.2 1 l.BOE-02 1-0.5 1Y-0 28 2.67E-02 (0.2 1 2.696-02 10.0 1 2.70E-02 (0.0 1 2.71E-02 10.0 1 2.72E-02 10.0 )
MEMBER ESTIMATED VALUES OF xa AXIAL STRESSES aa IFIRST STEP 1I-J A/AG-O .2 A/RQ.0.3 A/R0=0.4 A/A0=0.6 R/A0=0 .824 -28 2.09E-01 (-0.3 1 1.40E-Q1 1-0.1 I 1.06E-01 10.0 1 7.0BE-02 1-0.1 ) 5.31E-02 1-0.4 I32 -42 8.BSE-02 (0.2 1 8.91E-02 10.0 I B.94E-02 10.0 1 8.9BE-02 10.0 1 9.D0E-02 10.0 1
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS SECOND STEP)n/A0 = 0 .2 A/H0=0.3 A/A0=0.4 n/A0 = 0  .6 R/A0=0.8Z-D 38 -2.79Ê-Q1 10.0 1 -2.42E-01 10.0 1 -2.23E-01 10.0 1 -2-04E-01 1-0.0 1 -I.94E-Q1 1-0.0 1X-0 IS 1.97E-02 10.0 J 1.8SE-02 (0.0 1 1.84E-02 10.0 1 1 .82E-02 1-0.0 1 1.BOE-02 1-0.0 )Y-0 28 2.67E-Q2 (0.1 1 2.69E-02 10.0 1 2.70E-02 10.0 1 2.71E-02 1-0.0 1 2.72E-02 1-0.0 )
MEMBER ESTIMATED VALUES OF aa AXIAL STRESSES aa 1 SECOND STEP 1I-J A/A0=0.2 H/H0=0.3 A/H0 = 0 .4 R/A0 = 0 .6 A/R0= 0.824 -20 2.09E-71 (-0.0 1 1.40E-01 (-0.0 1 l.OBE-01 (0.0 1 7.0BE-D2 10.0 1 5.3IE-02 10.1 1
32 -42 8.85E-C2 (0.1 ) 8.91E-02 (0.0 1 8.94E-02 10.0 1 8.9BE-02 1-0.0 1 9.00E-02 1-0.0 1
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t
Tâe toad Jx ant{,omly 
dUt/UbLite.d, 
Jotnté 7,9,11,27,45 
and 6 3 aae. {^txad tn 
3 cUAectcon^.
K
& --- %>:------- W - 0
bottom and top taye^u, 
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS FIRST STEP 1A/AO-0 .2 R/no=o .3 0/00=0.4 0/00=0.6 A/AO=D.O
Z-D 65 -9-28E-02 (-0.1 1 -7.85E-02 1-0.0 1 -7.126-02 (0.0 1 -6.406-02 1-0.0 1 -6.036-02 1-0.1 )
x-0 16 1 .OlE-02 (-1 .6 1 9.65E-03 1-0.2 I 9.405-03 10.0 1 9 .095-03 1-0.3 1 8.906-03 1-0.9 )
Y-D 67 8.22E-03 (0.1 1 0.295-03 10.0 1 B.335-03 1 0.0 I 0.376-03 10.0 I 0.40E-03 10.0 1
MEMBER ESTIHATEO VALUES OF o« AXIAL STRESSES a» (FIRST STEP 1
I-J A/no=ü.2 n/oo=o .3 0/00=0.4 R/0D*D.B 0/00=0.8
63 -67 1.24E-01 1-0.2 1 B.30E-02 1-0.0 1 6.256-02 10.0 1 4 .186-02 1- D .1 1 3.146-02 1-0.3 1
70 -71 4.72E-02 (0.1 1 4.765-02 10.0 1 4.706-02 10.0 1 4.816-02 10.0 1 4.826-02 10.0 1
JOINT n u m b e r e s t i m a t e d  VALUES OF DISPLACEMENTS (SECOND STEP)A/no=o.2 0/110 = 0-3 0/00=0.4 0/00=0.6 R/00 = 0 .8
Z-0 65 -9.28E-02 10.D 1 -7.855-02 10.0 I -7.126-02 10.0 1 -6.406-02 1-0.0 ) -6.036-02 1-0.0 1
X-D 16 1 .OlE-02 (-0.1 1 9.65E-03 1-0.0 1 9.4DE-03 10.0 1 9.096-03 1-0.0 ) 0.906-03 (-0.0 I
Y-D 67 8.22E-03 10.0 1 0.296-03 10.0 1 a .336-03 1 0.1) ) 8.376-03 1-0.0 ) 0 .406-03 1 -0 .0 )
MEMBER ESTIMATEO VALUES OF B» AXIAL STRESSES «H 1 SECOND STEP I1-J n/R0=0 .2 n/A0=0.3 A/AD=0.4 n/A0=0.6 A/n0=0.8
63 -67 1.24E-01 1-0.0 1 0.306-02 1-0.0 ) 6.255-02 10.0 ) 4 .lUE-02 10.0 ) 3 . 146-02 1 0 .0 1
70 -71 4.7ZE-02 10.0 } 4.785-02 10.0 1 4.786-02 10.0 ) 4 .016-02 1-0.0 ) 4.826-02 1-0.0 1
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS FIRST STEP)n/A0=0.2 A/nO=0.4 A/A0=0.6 n/A0 = 0 .fl A/A0 = .0
Z-0 82 -3.25E-02 lO-I 1 -2.B4E-02 1-0.0 1 -2.70E-02 10.0 1 -2.635-02 1-0.0 1 -2 .595-02 1-0.1 )
X-0 IS -2.54E-D2 (1.0 ) -2.12E-02 1-0.0 J -1.98E-02 10.0 1 -1.915-02 1-0.1 ) -1 .8BE-D2 1-0.2 )
X-D 22 -2.62E-02 ll.S 1 -2.07E-02 10.0 1 -1 .895-02 10.0 1 - 1 .805-02 1-0.0 ) -I .74E-02 1-0.2 )
Y-0 31 -1 .61E-03 I-3.9 J -1 .53E-03 1-0-7 1 -1 .495-03 1 0.0 1 - 1 .455-03 1-0 .4 1 -I.43E-03 1-1.4 )
Y-0 70 1 .S3E-03 18.7 1 1 .72E-03 10.7 1 1.02E-03 10.0 ) 1 .88E-03 10.2 ) 1 .92E-03 10.4 )
MEMBER estimated VALUES OF «« AXIAL STRESSES »» IFIRST STEP)
I-J A/AQ=0.2 A/A0 = 0 .4 R/A0=0.5 A/R0 = 0 .8 H/AO= .0
7 -22 4.25E-02 1-1.3 1 4 . 13E-02 1-0.2 ) 4.085-02 10 .0 1 4.055-02 1-0.1 I 4 .025-02 1-0.2 )
22 -30 5.06E-02 11.6 ) 2.58E-02 10.2 1 1 .735-02 10.0 ! 1 .305-02 10.1 ) 1 .045-02 10.3 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS SECOND STEP )A/A0=0 .2 A/A0 = 0 .4 A/R0=0 .6 n/A0 = 0 . 0 R/AO = .0
Z-0 82 -3.25E-02 10.9 ) -2.B4E-02 10.0 1 -2.70E-C2 10.0 J -2.63E-02 1-0.0 ) -2.69E-02 1-0.1 I
X-0 15 -2 .54E-02 11.8 1 -2.12E-02 (0.1 1 -1 .985-02 1O.Q 1 -1 .915-02 (-0.0 ) -I .8GE-02 1-0.1 I
X-0 22 -2.62E-02 12.0 1 -2.07E-02 10.1 1 -1 .895-02 10.0 ) -1 .805-02 1-0.0 ) -1 -74E-02 1-0.1 )
Y-D 31 -1 .61E-03 14.9 1 -1 .S3E-03 (0.3 1 - 1 .495-03 10 .0 1 - 1 .465-03 1 -0. 1 ) -1 . 435-03 1-0-5 )
Y-D 70 1.53E-03 (1.9 1 1 .72E-03 10.1 ! 1 .825-03 10.0 J 1 .885-03 (-0.0 I I .925-03 1-0.1 I
MEMBER ESTIMATEO VALUES OF na AXIAL STRESSES »« 1 SECOND STEF)
I-J A/A0=0.2 A/A0=0 .4 A/AO=0.8 A/no=o .8 0/AC = .0
7 -22 4.25E-02 10.3 Î 4.13E-02 10.0 ) 4.085-02 10.0 1 4.05E-02 1-0.0 ) 4 .025-02 1-0.0 1
22 -30 5.05E-Q2 10.8 ) 2.58E-02 10.0 1 1 .735-02 10.0 1 1 .305-02 I-0 .0 ) I .045-02 1-0.1 )
N O T E i T H E  F I G U R E S  IN B R A C K E T S  A R E  T HE  P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  TH E  E S T I M A T E D  AN D  THE C O R R E S P O N D I N G  A N A L Y T I C A L L Y
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS FIRST STEP)A/H0 = 0 .2 A/A0=0.4 A/A0=D.6 A/A0=D.8 A/B0= 1 .0
Z-0 19 -4-33E+00 10.1 1 -3.81E+00 (-0.0 1 -3.62E*00 10.0 1 -3.52E*00 1-0.J ) -3.46E*00 1-0.0 I
X-D 6 -1.I5E*00 11.1 I - 1 .04E«00 (0.1 I -1 .OOE + DO 10.0 1 -9.845-01 10.1 ) -9.735-01 10.2 )
MEMBER ESTIMATED VALUES OF »« AXIAL STRESSES «» (FIRST STEP)
I-J R/A0 = 0 .2 H/A0=0 .4 A/A0=0 .6 A/AD=0.B A/AO= 1 .0
Z -3 -4 .77E*00 (-1.3 1 -Z.B6E*00 [-0.3 1 -1.855*00 10.0 1 -1.425*00 1-0.2 ) -1.165*00 1-0.8 1
Z -6 -3.48E*00 1-2.0 1 -3.27E*00 (-0.2 1 -3.175*00 10.0 J -3.115*00 1-0.1 ) -3.085*00 1-0.2 )
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP IA/A0 = 0 .2 A/A0=0 .4 A/A0=0.6 A/A0=0 .0 A/no=1.0
Z-D 19 -4.33E*00 (0.1 ) -3.aiE*00 (0.0 ) -3.625*00 10.0 1 -3.525*00 1-D.O I -3.465*00 1-0.0 1
X-0 6 -I.15E*00 (-0.8 ) -1 .04E'00 {-0.0 1 -1 -00E*00 10.0 ) -9.84E-01 10.0 I -9.73E-01 (0.0 I
MEMBER ESTIMATED VALUES OF »« AXIAL STRESSES «» (SECOND STEP)
I-J A/A0=0.2 A/no=o.4 A/AO= 0 -6 R/AO=Q.6 A/AO=1.0
Z -3 -4.77E*00 10.8 ! -Z.BBEtOO 10.0 1 -1 .855*00 (0.0 ) -1 .425*00 1-0.0 ; -1-IBE+OG 1-0.1 1
2 -6 -3.40E+00 10.6 1 -3.27E*00 10.0 ) -3.175*00 10.0 1 -3 . M 5*00 1-0.0 ) -3.085*00 1-0.0 )
N O T E i T H E  F I G U R E S  IN B R A C K E T S  A R E  TH E  P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  T HE  E S T I H A T E O  A N D  T H E  C O R R E S P O N D I N G  A N A L Y T I C A L L Y
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The composition of these figures are the same as those given 
in Chapter 3, The basic analyses are for A/A^=0.4 and the 
estimated values are given for :
[ a ] A/Ap = O.Z,
(b) A/Ap = 0, 3 ,
(c) A/Ap = 0 . 6 ,
[d] A/A^ = 0 . 8 .
Where A and A^  are the cross-sectional areas of the top [or 
bottom) layer members and diagonal members [see figures 
4-4-9 to 4-4-72), respectively.
The results of the comparison given in figures 4-4-9 
to 4-4-7 2 are quite satisfactory. The errors are as follows
VETLECTJOhiS OR F O RC E S MAXIMUME R R O R S E C O N V  L A R G E S T  E R R O R AVERAGEERROR
R E L A T I O NUSEV
Ve.^le.ctton 8,7% 3.9% 7.6% 3-5-70(1
II 4.9% 7.9% 0.3% 3 - 5 - l O b
K x t a t 5.6% 2.5% 0.94% 3 ~ 6 - Sa
II 0.8% 0 .6 % 0. 75% 3 — 6 - 3 b
It is interesting to note that if in a pin-jointed 
structure only the cross-sectional area of one member is 
modified, then the modification matrix can be expressed in 
the form M = { see SECTION 7-4), Furthermore, from
EXAMPLE 7 in SECTION 3-4, it follows that the estimated 
displacements from relation 3-5-7 0 must be equal to the 
theoretical displacements.
PROBLEM FOUR
It is required to estimate the displacements and 
forces in a pin-jointed structure, where the varying features 
are the combination of the position of joints and cross- 
sectional areas of the members.
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Where the summation extends overall the modified members.
For the case the modification matrix is given by 
4-4-5 , the relations 3-5- 1 0 and 3-^6-S are checked for two 
following pin-jointed structures.
Firstly, in the double layer grid (see figure 4-4-14 ) 
the varying featues are assumed to be a=(the angle between 
diagonal members and plane of oxt/') and the ratio A/A^ = (cross 
sectional areas of the top and bottom layer members)/(cross 
sectional areas of the diagonal members), The results are 
given in figure 4 - 4 - 1 4 . The basic analyses are for ( A/A= 0.4, 
a = 45^) and the estimated values are given for:
[a] A / A g = 0 . 4 ,  a = 5 5 ° ,
(fal A / A ^ = 0 . 3 ,  a = 50°,
(cl A/A^=0 .6 , a = 4 0 ° ,
(d) A / A ^ = O . S , a=35°.
The results of analyses (see figure 4-4-14 ) show that 
the maximum errors in deflections and axial stresses for (b) 
and (c) above, at second step are 3.4% and 3.6% respectively. 
However, for [a] and [d] above, the discrepancies do not 
remain within acceptable limits and, therefore in this case 
the effect of higher orders of the series given by relation 
3-5-6 should be considered.
Secondly, in the tower (see figure 4-4-15 ], it is
assumed that the locus of the joints are defined by:
9 9 9 9 iz=a{x +£/ )+3(x +£/ )2+Y «
Where x,y and z are the coordinates of the joints and a,3 and
Y are scalars. The varying feature is assumed to be
SLOPE = —— ^ —^ , at point Z=o,9 [x 1 2
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JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS IFIRST STEP)fi/flO-0.2 . ALFA.50.0 0/00*0.3 . ALFA.48.0 R/nO*0.4 . ALFA.45.0 n/AO.0.6 . ALFA.42.0 R/AO-O.B . ALFA.40.0Z-0 26 -2.12E-D1 1-3-3 1 -1.86E-01 (0.0 1 -I .91E-0I (-3.2 1 -2.008-01 (0.0 1 -2.138-01 16.2 IX-D 9 I .34E-D2 1-8.2 1 I -39E-02 10.0 ) I .49E-02 (-3.0 1 I .586 02 (0.0 ) 1.058-02 (6.3 )X-D 15 I .34E-02 1-8.0 1 I .436-02 10.0 1 1.59E-02 (-3.1 1 1.756-02 10.0 ) 1 .8 76-02 ( 6 .5 1Y-D 16 -2.S5E-02 1 11 .7 1 -1.68E-02 (0.0 1 -1 .24E-D2 I-10.81 -8.528-03 (0.0 1 -6.72F-03 (25.0 IY-D 20 1-98E-02 1-7.3 1 2 .14E-D2 (0.0 1 2.398-02 (-3.5 1 2.678-02 (0.0 ) 2 .868-02 17.2 )
MEMBER ESTIHRTED VALUES OF "« AXIAL STRESSES «» (FIKSI STEP)I-J A/AO.02 . ALFA.5Q.0 0/00=0.3 . ALFO.4B.0 0/00*0.4 . ALFR.45.0 0/00*0.6 . ALFA.42.0 A/AO-.O.B . ALFA.48 .020 -24 2.24E-DI (0.6 1 I.56E-0I (0.0 ) I.24E-Ü1 (-3.8 ) 8.858 -02 (0.0 ) G.958-02 (3 .6 1______ 23 -31________ 6.9IE-02 1-7.6 1 7.47E-02 (0.0 1 8.358-02 (-3.3 1 9.33E-02 (0.0 I _1_^0E-01 (6.8 )J
JOINT NUMBER ESTIMATED VALUES OF DISPLACEMENTS (SECOND STEP IA/AO.0.2 . ALFA.50.0 n/R0=D3 . ALFA.48.0 R/n0=0.4 . ALFA.45.0 A/A8.0.6 . OLFR.42.0 A/A0.Ü.8 . ALFA.40.0Z-0 26 -Z-IZE-Ol (1.3 ) -1.85E-01 10.0 ! -1.91E-01 (0.3 1 -2 .008-01 (0.0 I -2.138-01 (1.2 )X-0 9 1 .34E-02 ( -G.6 ) 1 -39E-02 (0 .0 ) I .49E-0Z 10.4 1 ( .588 -02 (0.0 1 1 .606 -02 ( 1 . 1 )X-D IS 1 .34E-02 (0.2 1 1.43E-Q2 (0.0 ) I .596-02 I 0.5 1 I .756-02 (0.0 ) I .878-02 ( 1 .3 )Y-0 IB -2.55E-02 [10.0 1 - 1 .68E-02 10.0 ) -I .246-02 I-3.9 1 -8.528-03 (0.0 I -5.728-03 (-4.9 )Y-0 20 I.9UE-02 (0.7 ) 2 . I4E-02 10.0 I 2.306-02 10.5 1 2.678-02 (0.0 1 2.866-02 (1.4 ]
MEMBER ESTIMATEO VALUES OF » axial STRESSES • 4 (5ECC.ND STEP)I-J 0/00*0.2 . OLFA.50.0 n/n0*0.3 . ALFA.48.Q 0/00*0.4 . ALFA.45.0 n/na.D.6 . ALFA.42.0 A/PO'O.H . ALFA.48.020 -24 2.2.1E-01 (1.7 1 I.56E-Q1 (0.0 1 I .246 01 ( -0 .7 1 8.858-02 (0.0 I 6.9' L-02 10.2 )23 -31 6.91E-02 (0.5 1 7.47E-02 10.0 I 8.358-02 10.5 1 9.33E-02 (0.0 I 1.008-01 (1.3 I
N O T E i T H E  F I G U R E S  IN B R R C K E I S  A R E  THE P E R C E N T A G E  D I F F E R E N C E S  B E T H E E N  TH E  E S T I M A T E D  R N D  THE C O R R E S P O N D I N G  R H R L Y T I C A I L YO Q T A I N E D  V A L U E S .
FIG, 4-4- 14
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The joint 2 ti> (^txed tn 3 dùiectton^.
JOINT NUMBER ESTIMATED VALUE 5 OF DISPLACEMENTS IFIRST STEP 1SLOP=-4.0 SL0P=-3.0 SLOP.-2.5 SLOP.-I.5 5L0P=- I .0
Z-0 3 1.S9E-01 14.B I Z .916-01 1 I.3 ) 2.326-01 10.0 1 3.336-01 1 15.3 1 4 .14E-0I (36.2 T
X-0 3 -8.S4E-01 16.4 ) -8.S1E-01 11.2 1 -8.496-01 10.0 1 -8 .446-01 19.4 1 -8 .346-01 (20.2 1
MEMBER ESTIHATEO VALUES OF ■« AXIAL STRESSES ■ « (FIRST STEP 1
I-J SL0P»-4 .0 SL0P=-3 .0 SLOP.-2.5 SLOP.-I .5 SLOP.- I .0
19 -20 1.926*00 10.2 1 1 .926*00 10.0 ) I.926*00 (0.0 1 1.926*00 (O.I 1 I.926,00 (O.I 1
JOINT NUMBER ESTIHATEO VALUES OF DISPLACEMENTS ISECONO STEP 1 1SL0P=-4.G SL0P=-3.0 SLOP.-2.5 SLOP.-I.5 SLOP.- 1.0 I
Z-0 3 1.596-01 1-2.7 Î 2.0IE-01 (-0.2 ) 2.326-01 10.0 1 3.336-01 (3.9 ) 4.146-01 (13.9 1 j
X-0 3 -8.54E-0I (0.0 ) -B.SIE-Ol I-O.O ) -8.496-01 10.0 1 -B.446-01 (0 .5 I -8 .346-01 (3.9 I 1
MEMBER ESTIMATED VALUES OF »» AXIAL STRESSES • » (SECOND STEP 1 1
1 I-J SLOF=-4 .0 SL0P=-3.0 SLOP.-2 .5 SLOP.-I .5 SLOP.- 1 .0 1
1 19 -20 1.926*00 10.0 ) 1 .926*00 10.0 1 I .926*00 10.0 1 1 .926*00 (0.0 1 1 .926*00 10.0 ij
N O T E i T H E  F I G U R E S  IN B R A C K E T S  A R E  TH E  P E R C E N T A G E  D I F F E R E N C E S  B E T W E E N  THE E S T I M A T E D  A N O  T H E  C O R R E S P O N D I N G  A N A L T T I C A L L T
O B T A I N E D  V A L U E S .
FIG. 4-4-15
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Consider a pin-jointed structure and suppose that a member b 
with cross-sectional area A^, length and direction cosines 
and is modified to have cross sectional area
length and direction cosines x^b'^mb ^mb*
From relations 3-4-2. and figure 1-3-3 it follows that:
T EA ,
■ ^ n  ’ mfa°‘ ' I 2 ’ mfa“‘‘ ’ mb" ‘ ’ m6°T^
— rand,
-y--- r 1 “ *^ j ^ b _ _____ j. ^ jnb ^  b_ _j_^ ^ mb
i^?ib\]b J  f m b _ j _  j_
_ 5 i2lE J i b  _L 1_ J l # _
^mb^mb
EA,
(Kj2)(,--IK2,)b-(K^ 2’b -
4- :b%
T.%b=b '1
2 I
|u_tblb_L_bfiL„L__lh_J 
Letting
it follows that the modification matrix, corresponding to the 
type of modification under consideration is of the form shown 
in figure 4- 4-13, where the terminal joints of the member b 
are assumed to be X and
The matrix shown in figure 4 - 4 - 1 3 may be written in 
the form:
"^ mb b^
XLfb ' X 'mb
%mbZmb'%bZb)9%zb+l%2^ ^mb ^itib^mb ^b^b^^yzb’^
/»ib '•b I ,2,n
0%%b'0%%b'9%zb'P%%b'9yzb are constant square
matrices.
Now, if all the members are modified, the overall 
modification matrix is given by:
4 - 4 - 5  ,
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The basic analyses are for SLO?E= -2,5 and the estimated 
values are given for ;
[a] SLOPE = - 4.0 ,
{b)SLO?E = - 3.0 ,
(cJSLOPE = - /.5 ,
IdjSLOPE = - 7.0 .
The results of analyses (see figure4-4- 75 ) show 
that the maximum errors in displacements at Z- direction and 
axial stresses, at second step, are 3.9% and 0.07% respectively. 
However, the discrepancies, for displacements at Z-direction, 
do not remain within acceptable limits and, therefore, in this 
case the effect of higher orders of the series given by 
relation 3-5-6 should be considered.
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S E C T I O N  5-1 INTRODUCTION
This chapter contains the final conclusions of the work 
presented in the thesis.
The material presented in the thesis may be divided into 
two distinct categories,
(1) The work leading to the formulation of a technique
by which the behaviour of all types of structures under
varying features can be extrapolated (or interpolated), 
Chapters three and four contain the main body of this 
work. Some parts of chapter one are also concerned 
with matters related to this category. This category 
of work is further discussed in S E C T I O N 5-2,
(2) The work concerned with the effect of variations in
the dimensions of the members and configurations on the
total weight of grids. The material concerned with 
this category of work is presented in chapter two and 
is further discussed in S E C T I O N 5-3.
SECTION 5-2 STRUCTURAL OPTIMIZATION ANV THE CONCEPTS OF N ORM ANV LIMIT 
In chapter three, based on the concepts of norm and 
limit, a technique was developed by which the changes in the 
internal forces and displacements of a linear structure, 
produced by variations in some features of the structure, 
could be estimated. This technique finds immediate 
application in optimization processes. Any structural 
optimization process is evidently, concerned with the 
determination of the values of feature variables which 
result in the most favourable design. Such an end can be 
achieved by utilizing the technique developed in the thesis. 
To wit, based on the results of a relatively small number of
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basic analyses, the internal forces and displacements of 
structure, corresponding to a large number of different 
values of the feature variables, could easily be estimated 
and the most favourable mode can then be found from direct 
comparison of the results.
The optimization procedures described in literature 
require that the merit function should have just one local 
extreme point in the region under consideration. However, 
in structural optimization there are examples that the merit 
function may have two or more local extreme points. As an 
example, consider a circular structural domain (see figure 
5-2-7a) which is simply supported, A point load P is to be 
transmitted to simple supports by means of three beams in 
flexure. All beams are to have the same cross-section and 
the merit function is the total weight of the structure which 
is defined by relation 2-2-7 8, In this case, as illustrated 
in figure 5-2-7, the merit function has two local minimums 
and a locus of minimum points. Therefore, it is often 
necessary to investigate crudely the whole region of the 
interest and then confine observation to the small region in 
which the only concern is the local behaviour of the merit 
function. The method suggested below is one way of achieving 
the purpose.
Let the members of a structure be divided into n groups,
such that each group contains members having the same
"variation factors", where a variation factor is a positive
scalar which represents the rate of variation of a feature
in members of a group. For example, if the cross-sectional
area of a typical member in group Z is changed from A . to A ,,
then represents a variation factor for group f,.
oL
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NOTE; e,x ANV y ARE FEATURE I/ARIA8LES
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SECTION A-A SECTION 8-8
LEVEL CONTOURS OF eLEVEL CONTOURS FOR RELATIVE WEIGHT OF STRUCTURE
FIG. 5-2-7
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A group with constant feature will have a variation factor 
equal to one. Subjected to different variations, a member 
may belong to more than one group, or a group may have more 
then one variation factor. Free grouping of members in 
a structure provides a means of easy application of any 
combination of variations on a structure.
Now suppose that displacement vector is calculated
-rfor a linear structure with stiffness matrix K =VV^\/ [for0 0 ^
detailed information about diagonal matrix and rectangular
matrix V see S E C T I O N  1-4') under external loading system W, 
i.e. K ^ d^=W, and let the diagonal matrix which contains
the cross-sectional properties of the members of the structure, 
be modified to V^, then the stiffness matrix of the modified
Tstructure is given by (see S E C T I O N  1-4), and, the vari­
ation factors of members in group Z can be expressed as:
IdiagonaZ e Z m m ti c.o/OL2J>pondlng to  th e membcAô g/ioap Z).
Furthermore, denoting the maximum and minimum of for
X = î,2,...,n by and , respectively, then from relations
3 - 2- 7 it follows:
.........5-2-U,
W = " V ô ' l   .
If T H E O R E M  7, introduced in S E C T I O N  3-3, is used to 
estimate the displacements and the accuracy of the displace­
ments are measured by and if this is less than
a small value e, then from the generalised form of T H E O R E M  8 
( see S E C T I O N  4-2} the feasible region for estimating the 
displacements is given by:
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H i m  l l V ^ I I V m l * ’ '“ V m
Substituting for |
(see relations 5-2-7) into the above relation,
1 s  e .
max, mx.n
The region in which the values of % . and % satisfyingt u ^ w L
the above relation is shown in figure 5-2-2. Confining the 
values of x and % , to the square area, inside the feasible111 CL ^  fn ^ rt
region, as shown in figure 5-2-2, the following relations 
are obtained:
7
.......................... 5 - 2 - 2 a ,
I
I - E ^ s  X . S J  5 - 2 - 2 6 .M1X.W
These relations are of fundamental importance and, in the 
sequel, it will be demonstrated that they can be success­
fully applied to structural optimization.
Let the values of feature variables resulting in the 
most favourable design minimize function F ( .
The choice of a merit function F f x ^ f X g , o u t  of a 
set of functions mainly depends on the question of relative 
importance of a criterion with respect to a set of criteria , 
the question of a criterion lending itself to easy definition . 
and the question of existing limitations, ,..etc. However, 
once a decision regarding the feature variables and merit 
function is made, then the optimization problem is defined.
The next step will be direct comparison of designs and the 
technique introduced here will provide an efficient means of 
selection of a suitable design. For example, if the set of
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variation factors (x j ...#x^ ) gradually change from
to Ibj ,b2 ,....,b^), then the minimization of 
the function P ( X j , x.^, » , », needs a tremendous amount of 
calculation to obtain the minimum value /or values of 
F(Xp,X2 ,...,x^). Referring to relations 5-2-2, one can 
greatly reduce the amount of work as follows:
The whole region under consideration is divided into sub- 
regions provided that division in the direction of a typical 
variable x^ is
dy  ^ ^ (~1 dy  ^  ^ by *,..*,,5-2-3,
1 1
where a = ^ a n d  g = As an example, for the special
case of n=2 the sub-regions are illustrated in figure 5-2-3 
and some of them are indicated by dotted areas.
From relations 5-2-2 and 5-2-3 it follows that each sub- 
region can be associated with an initial structure such that 
estimates for displacements are within the acceptable limit,
i.e. —--- s e •
Idl®
This result enables the determination of the behaviour of 
function P { X y X ^ f  • • • , inside each sub-region with a desired 
accuracy. The repetition of this procedure for all sub- 
regions will give rise to the knowledge of the behaviour of 
the function f I X j , x ^ , . » • , x^j throughout the region under 
consideration. It should be noted that in the above mentioned 
method the number of basic analysis are also optimal.
In general, for a linear structure with varying features, 
the local minimum points could be obtained through the 
following steps:
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(n The stiffness matrix is written as the sum of a constant
and a variable part and the force-displacement relation
for modified structure is arranged in the form: 
n(K + E %yP.)d=W,0 X  X
where O^^s are K^-size constant matrices and a function 
of the initial cross-sectional properties and the 
interconnection pattern of the members in group >c,
(2) The initial structure is analysed under external loading 
system W,
13} A set of vectors is defined by relation for
x^î,2,...,% and the initial structure is analysed under 
loading systems
(4) Relations 5-2-2 are used to obtain the sub-regions in 
which the estimate for displacements are within the 
acceptable limit.
(5) Having the constant vectors relations 
3-6-& and 3-5-14 are used to estimate the forces and 
displacements, respectively, and then the function
is evaluated.
(6) Steps two to five are repeated to find the response 
surface of the function P I x j , , x^j in the region 
under consideration.
Some points of special interest, concerned with the 
technique are listed below:
[a] The displacements and forces in a structure are expressed 
as a simple function of feature variables. This is quite 
advantageous since it provides an efficient means of 
estimating displacement and forces.
(fo) In the examples treated in the thesis the change
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in the stiffness are relatively large. Solution by 
successive approximations (see S E C T I O N  1-4) causes 
slow convergence, and in most cases no convergence 
is achieved. Using the method of T H E O R E M 7 for k =J 
a better convergence is always achieved. Using equation 
3-5-1 Ob it is found that the two terms of the series 
given in S E C T I O N  3-5 lead to excellent convergence,
(c) The method can be used for initial analysis of badly 
conditioned structural systems (see S E C T I O N  4-3).
(d) The series expansion formula (see S E C T I O N  3-4 and 3-5) 
permit explicit approximate expression of the structural 
behaviour with desired degree of accuracy.
(e) The upper bound for error is independent of the type of 
structure, whether it is pin-jointed, rigidly jointed, 
planar, or 3-dimensional etc., and is independent of the 
number of members in each group. It is therefore equally 
applicable for ’’small" and "large" structures. This is 
of particular importance in the case of space structures, 
where the number of types of members is much smaller than 
the total number of members in each group. This is an 
advantage of the proposed series for displacement, over 
the exact relations to calculate the modified displacement 
from (see S E C T I O N  1-4). Where the number of members 
subjected to variation has to be few in number. Other­
wise, the amount of calculations uneconomically increases 
with the number of members subjected to variation and 
therefore, their scope of application is limited to 
structural systems with one, two or few members being 
subjected to variations, a kind of systems uncommon in 
the area of structural design.
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SECTION 5-3 l/ARIATIOM IN VIMENSJONS OF MEMBERS ANV CONFIGURATIONS
In Chapter two, the analysis of 56,000 grids were carried 
out. The analysis of these grids was mainly for checking the 
reliability of the relations developed in Chapter three.
However, since these analytical results are of immediate use 
for design purpose, it was thought appropriate to make them 
available in the form of the Appendix (?).
The results of analysis given in Appendix (1 ) may be used
to establish a number of interesting facts regarding the 
variation in dimensions of the members and change in configur­
ation of flat grids.
To ease the comparison of the results, the change in
minimum value of efficiency of grid layout v/v^ (for detail
see S E C T I O N  2-2) due to the increase of and the density
of the configuration for all the analysed cases are shown in 
table 5-3-7. The table classifies the most important pieces 
of information assessable from the results of analysis and 
provides a suitable medium from which general patterns of 
behaviour regarding the effect of the dimensions of the members 
and changing configurations can be traced. Table 5-3-1, 
however, can not be used to study the detailed behaviour of 
any particular case and for this purpose the relevant diagrams 
of Appendix (7) are to be consulted.
A thorough examination of the results given in Appendix (7) 
and table 5-3-7, reveals a number of interesting points which 
are described in the sequel. It is to be noted, however, that 
the statements are applicable to the minimum value of v/v^ 
only and their validity for values other than minimum cannot 
be taken for guarantee.
Some points of particular interest, concerned with
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TABLE 5-3-7
1 CASE 
NUMBER
CUANCE TN THE MINIMUH VALUE OF v/\}^ x10 CASE
NUMBER
CHANGE IN THE MINIMUM VALUE OF v/v^xlO 1
H/H^=0. H/Hp=7.5W/H^=2.îH/H^=3.5H/H^=6.0H/Hp=7 2 K/H^ =0.4H/H^^l.6H/Hp=2.CH/Hp=3.CH/H^ =4.CH/Hg=S.Oj
6-ASFU 4.04 2.25 1.65 1.47 1.28 7.73 6-ASFC 8.90 7.33 6.55 6.13
8-ASFU 3.93 2.29 1.68 1.46 1.26 7.72 8-ASFC - 9.66 8.06 7.26 6.83 6.14
10-ASFU 3.90 2.24 1.65 1.42 1.24 7.77 10-ASFC - 10.20 8.64 7.83 7.38 6.67
72-ASFU 3.81 2.27 1.66 1.43 1.22 7.70 12-ASFC - 10.60 9.11 8.29 rs3 7.70
74-ASFU 3.79 2.24 1.66 1.42 1.22 1.09 14-ASFC - 10.90 9.50 8.68 8.21 7.47
16-ASFU 3.76 2.26 1,66 1.43 1.21 1.09 16-ASFC - 11.30 9.84 9.01 8.54 7.78
IS-ASFU 3.72 2.25 1.65 1.43 7.27 1.08 18-ASFC - 11.50 10.10 9.31 8.83 8.06
20-ASFU 3.72 2.26 1.66 1.42 7.27 1.08 20-ASFC - 11.80 70.40 9.57 9,09 8.31 1
22-ASFU 3.69 2.24 1.65 1.42 7.27 1.08 22-ASFC - 12.00 10.60 9.81 9.32 8.54 1
J24-ASFU 3.68 2.26 1.65 1.42 7.27 1.08 24-ASFC - 72.20 70.90 10.00 9.54 8.74 1
il é-GSFU
■1------------
3.99 2.77 1.78 1.63 1.47 1.37 6-BSFC 7.S2 6.11 6.27 6.29 6.28 6.26
 ^S-BSFU 4.39 2.14 1.83 1.69 1.55 1.44 S-BSFC 7.77 6.51 6.93 7.03 7.06 7.70
10-BSFU 4.58 2.16 1.86 1.72 1.58 1.48 70-BSFC 7.5S 6.85 7.44 7.60 7.67 7.72
'J2-BSFU 4.68 2.17 1.87 1.75 1.61 1.51 12-BSFC 7.52 7.17 7.97 8.06 8.14 8.23
j14-BSFU 4.73 2.77 1.89 1.76 1.63 1.53 14-BSFC 7.52 7.44 8.20 8.42 8.52 8.64
,16-BSFU 4.76 2.18 1.90 1.78 1.64 1.54 16-BSFC 7.S2 7.72 8.49 8.74 8.87 8.99
;î S-BSFU 4.78 2.18 1.91 1.78 1.65 1.56 7S-BSFC 8.0s 7.95 8.73 9.03 9.16 9.29
20-BSFU 4,79 2.19 1.92 1.79 1.66 1.56 20-8SFC S.30 8.19 8.96 9.28 9.41 9.57
I22-BSFU 4.80 2.19 1.93 1.80 1,66 7.57 22-SSFC 8.51 8.40 9.15 9.50 9.65 9.82 ;
24-BSFU 4.80 2.21 1.93 1.80 1.67 1.58 24-8SFC 8.72 8.59 9.34 9.69 9.85 70.00 ;
: 6-ESFU 4.35 2.16 1,72 1.53 1.37 7.27 6-ESFC - 7.46 6.86 6.48 6.15 5.86 il
; &-ESFU 4.22 2.21 1.75 1.56 1.40 7.30 8-ESFC - 7.93 7.56 7.21 6.99 6.60 1
10-ESFUj----- 4.53 2.18 1.75 1.56 1.40 7.37 10-ESFC - S.33 8.06 7.75 7.54 7.76172-ESFU1 4.47 2.21 1.77 1.57 1.41 7.32 72-ESFC - 8.68 8.49 8.19 7.99 7.67 1:74-ESFU 4.61 2.19 1.76 1.58 1.41 7.32 14-ESFC - 8.93 8.84 8.56 S. 36 7.99 [
■16-ESFU 4.59 2.21 1.78 1.59 1.41 7.33 16-ESFC - 9.28 9.15 8.88 8.68 8.37 [
■1S-ESFU 4.67 2.20 1.78 1.59 1.42 1.33 18-ESFC - 9.52 9.42 9.16 8.96 -----18.59 i
20-ESFU 4,66 2.21 1.78 1.59 1.42 1.33 20-ESFC - 9.75 9.66 9.41 9.21 8.84 1
22-ESFU 4.70 2.20 1.77 7.59 1.42 1.34 22-ESFC - 9.95 9.88 9.63 9.44 9.06 !
'24-ESFU 4.69 2.21 1.79 7.59 1.43 1.33 24-ESFC - 10.10 10.10 9.83 9.64 9.27 1
;l é-ARFU 8.82 4.51 3.33 2.86 2.37 2.04 6-ARFC - 8.74 6.07 5.09 4.58 3.82
J2-ARFU 8.67 4.53 3.23 2.74 2.29 7.99 72-ARFC - 15.4 12.80 11.60 10.90 9.93
i/S-ARFU 8.59 4.49 3.24 2.75 2.28 1.96 7S-ARFC - 72,3 9.66 8.56 7.98 7,06
%4-ARFU 8.56 4.49 3.24 2.74 2.27 1.96 24-ARFC - 77.50 15.00 13.90 13.2 72.70 1
j 6-BRFU 8.47 4.45 3.79 3,50 3.16 2.92 6-BRFC 7^3.0 77.20 10.60 10.00 9.56 9.28 I
I1 2-BRFU 9.29 4.52 3.94 3.70 3.38 3.17 7 2-BRFC 74.20 73.40 13.10 12.70 72,30 77.80
jîS-BRFU 9.50 4.55 4.01 3.76 3.45 3.25 IS-BRFC 75.20 14.60 14.50 14.20 13.80 73,70 !
24-BRFU
L-----------
9.60 4.58 4,05 3.78 3.50 3.28 24-BRFC 16.00 15.60 15.40 75.20 14.90 1 74. 70 j'
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TABLE 5-3-1 COhlTWUEV
CASE
NUMBER
CHANGE IN THE MINIMUM VALUE OF \>/v^ xlO CASE
NUMBER
CHANGE IN THE MINIMUM VALUE OF vh^xlO
H/Hp=0.6H/Hp=7.5 H/H(,=3.5H/Hp=6.0H/H^=12 H/H^ =0.4H/H^ =7.0H/H^ =2.0H/H^ =3.0H/Hp=4.0H/H^ sg.O
: 6-CRRI 7 3.30 6. gg 5.23 4.51 3.75 3.27 6-CRFC - 9.73 6.70 5.67 5.72 4.42
72-CRFU 13.80 6.97 5.29 4.56 3.76 3.27 72-CRFC - 18.40 14.80 13.40 72.70 11.60
1g-CRFU 13.90 7.05 5.34 4.61 3.82 3.27 78-CRFC - 14.70 11.20 9.95 9.30 8.32
24-CRFU 14.00 7.07 5.35 4.61 3.83 3.27 24-CRFC - 21.40 17.70 16.20 75. 70 14.20
. 6-VRFU 10.2 6.11 4.85 4.43 3.96 3.63 6-VRFC - 7.53 6.28 5.65 5.37 4.74
12-VRFU 10.4 6.34 5.03 4.44 3.92 3.65 72-DRFC - 75.20 73.90 13.10 72.70 11.90
■1S-VRFU 70.5 6.36 5.08 4.50 3.95 3.64 78-PRFC - 72,00 10.50 9.78 9.38 8.73
J24-PRFU 70.6 6.39 5.08 4.52 3.99 3.64 124-DRFC - 77.80 76.70 15.80 25.40 14.60
6-ERFU 9.37 4.57 3.67 3.28 2.84 2.52 6-ERFC - 9.68 6.60 5.66 5.39 4.95 1
1 72-ERFU 9.88 4.51 3.69 3.29 2.85 2.53 72-ERFC - 15.40 13.70 12.40 11.60 70.80
J8-ERFU 9.97 4.54 3.77 3.33 2.90 2.60 78-ERFC - 12.60 70.60 9.34 8.66 8.29
24-ERFU 9.99 4.55 3.73 3.35 2.91 2.60 24-ERFC - - 16.00 14.70 14.00 72.90
i 6-ARSU 8.38 5.69 4.69 4.26 3.87 3.56 6-ARSC - 7.20 6.57 6.23 6.03 5.68
1 g-ARSU 8.49 5.88 4.78 4.27 3.83 3.54 8-ARSC - 13.60 13.60 13.30 13.10 72.70
'10-ARSU 8.27 5.81 4.76 4.25 3.75 3.50 70-ARSC - 9.15 8.68 8.36 8.15 7.79
■J2-ARSU 8.24 5.88 4.75 4.28 3.74 3.49 72-ARSC - 15.60 15.40 15.10 14.90 74.50 ,
, J4-ARSU 8.24 5.82 4.74 4.25 3.74 3.47 74-ARSC - 10.60 10.10 9.83 9.62 9.26
' 76-ARSU 8.23 5.84 4.74 4.26 3.76 3.47 16-ARSC - 17.00 16.70 16.40 16.20 15.80
ji 7 g-ARSU 8.21 5.84 4.76 4.25 3.74 3.44 78-ARSC - 7 7.70 11.20 70.90 10.70 10.40
.1 6-BRSU 10.70 7.47 6.48 6.07 5,67 5.29 6-BRSC - 17.10 16.00 15.40 15.10 14.60
! g-BRSU 10.80 7.64 6.68 6.25 5.80 5.48 8-BRSC - 18.60 17.70 17.10 16.80 16.30
10-BRSU 10.70 7.75 6.79 6.36 5.91 5.59 10-BRSC - 19.80 18.90 18.40 18.10 17.50 ,
72-8RSU 70.70 7.80 6.87 6.45 5,99 5.66 72-BRSC - 20.70 19.90 19.40 79.70 78.50
74-BRSU 70.70 7.85 6.92 6.49 6.04 5.71 14-BRSC - 21.40 20.70 20.30 20.00 79.40
[7 6-BRSU 70.70 7.89 6.95 6.54 6.08 5.76 16-BRSC - 22.70 21.40 21,00 20.70 20.70 '
7g-BRSU 70.70 7.90 6.98 6.57 6.11 5.79 18-BRSC - 22.60 22,00 21.60 21.30 20,70
6-CRSLI 13.3 8.95 7.67 7.00 6.36 5.89 6-CRSC - 7.78 7.79 6.94 6.87 6,58
S-CRSU 73,5 9.10 7.67 7.06 6.39 5.90 8-CRSC - 13.80 13.80 13.80 73,70 73,70 '
10-CRSU 73.7 9.22 7.76 7.75 6.46 5.98 70-CRSC - 9.74 9.19 8,93 8.79 8.54
72-CRSU 13,8 9.21 7.80 7.75 6.48 5.98 72-CRSC - 15.90 75,90 75.90 15.90 75.90
74-CRSU 13.8 9.28 7.85 7.79 6.52 6.02 74-CRSC - 11.00 70.50 70,20 10.10 9.85 1
76-CRSU 13.8 9.27 7.84 7.27 6.51 6.02 76-CRSC - 7 7,30 77.40 77.40 17.40 77.40 '
178-CRSU 73.9 9.32 7.88 7.22 6.54 6.04 78-CRSC - 77,90 7 7.40 77,20 77,20 77,20 i
! 6-PRSU 14.9 1.11 9.50 8.73 7.87 7.27 6-URSC - 9,73 9.08 8.64 8,39 7.96 ;
r^ -PRSU 75.7 1.14 9.60 9.73 7.97 7.36 8-PRSC - 78. 70 77.70 77.20 16.90 76.40
10-VRSLl 15.4 1.14 9.70 8,85 7.96 7,47 10-VRSC - 12.60 72.00 11.50 11.20 70.80
12-VRSU 15.8 1.16 9.78 g,98 8.04 7.43 72-PRSC - 20.40 20.00 19.60 79,30 7 8.70 [
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TABLE 5-3-1  CONTINUEE
! CASE CHANGE IN MINIHÜM l/ALtiE OF vN^xlO CASE CHANGE IN MINIMUM l/ALUE OF v/v^ x70
1WUMBER 1/H^=0.6 H!H=1.5 H/H^=2.5 i/H^=3.5M/W^ =6.0H/N^ =72 NUMBER H/H^=0.4H/H^=1.0H/H^=2.0H/H^=3.0H/H^=4.0
I14-VRSU 15.6 1.16 9.79 8.96 8.08 7.45 14-VRSC - 14.50 13.90 13.40 13.10 12.60
16-VRSU 15.S 1.17 9.83 8.98 8.11 7.49 16-VRSC 22.00 21.70 21.30 20.90 20.40 ,
1 IS-VRSU 15.7 1.16 9.87 9.04 8.11 7.49 18-VRSC - 15.80 15.30 14.80 14.50 14.00
6-ERSU 10.50 7.67 6.64 6.18 5.67 5.31 6-ERSC - 9.44 S.SI 8.51 8.35 8.06
8-ERSU 10.20 7.56 6.59 6.14 5.65 5.29 8-ERSC - 16.60 16.20 15.90 15.70 15.40
JO-ERSU 10.30 7.73 6.74 6.28 5.77 5.41 JO-ERSC - 11.90 11.40 11.10 10.90 10.60
72-ERSU 10.20 7.69 6.70 6.25 5.76 5.40 IZ-ERSC - 18.60 18.20 17.90 17.70 17.30 \
14-ERSU 10.30 7.75 6.78 6.32 5.82 5.46 14-ERSC - 13.50 13.00 12.70 12.50 12.10 .
16-ERSU 10.20 7.75 6.76 6.31 5.82 5.46 16-ERSC - 19.80 19.50 19.30 19.10 18.70
IS-ERSU 10.20 7.78 6.82 6.54 5.85 5.49 18-ERSC - 14.60 14.10 13.80 13.60 13.30
S-ASEU 1.61 1.31 1.20 1.15 1.08 1.03 8-ASEC - 5.45 5.55 5.53 5.51 5.47
12-ASEU 1.66 1.25 1.14 1.10 1.05 1.01 12-ASEC - 6.35 6.40 6.38 6.37 6.35 \
16-ASEU 1.65 1.27 1.13 1.07 1.03 1.00 J6-ASEC - 7.00 7.03 7.02 7.01 6.99
20-ASEU 1.65 1.26 1.13 1.07 1.02 0.99 20-ASEC - 7.49 7.51 7.50 7.50 7.49
;24-ASEU 1.65 1.26 1.13 1.07 1.02 0.99 24-ASEC - 7.89 7.91 7.91 7.90 7.89
6-BSEU 1.78 1.48 1.39 1.36 1.31 1.29 6-8SEC 7.18 6.68 6.47 6.40 6.36 6.30
i S-BSEU 1.83 1.56 1.47 1.43 1.39 1.36 g-BSEC 7.81 7.47 7.32 7.26 7.22 7.17
MO-BSEU 1.86 1.60 1.51 1.48 1.44 1.41 lO-BSEC 8.34 8.07 7.96 7.90 7.87 7.82
: 12-BSEU 1.87 1.62 1.54 1.51 1.46 1.44 I2-BSEC 8.77 8.55 8.46 8.42 8.39 8.34
14-BSEU 1.88 1.64 1.56 1.53 1.49 1.46 14-BSEC 9.14 8.95 8.88 8.84 8.82 8.77
16-BSEU 1.88 1.65 1.58 1.54 1.50 1.47 16-BSEC 9.46 9.29 9.24 9.20 9.18 9.14
IS-BSEU 1.88 1.67 1.59 1.55 1.51 1.48 18-BSEC 9.74 9.60 9.55 9.52 9.49 9.45
20-BSEU 1.89 1.67 1.60 1.56 1.52 1.49 [ZO-BSECB 9.99 9.86 9.82 9.79 9.77 9.73
22-BSEU 1.89 1.68 1.60 1.57 1.53 1.50 ■kz-BSECij 10.20 10.10 10.10 10.00 70.00 9.98
24-BSEU 1.89 1.69 1.61 1.57 1.53 1.51 ■24-BSEC 10,40 10.30 10.30 10.30 70.20 10.20
, 6-ESEU 1.73 1.44 1.35 1.29 1.24 1.20 6-ESEC - 5.S5 5.67 5.60 5.56 5.49 !
: S-ESEÜ 1.92 1.40 1.32 1.29 1.26 1.23 g-ESEC - 6.36 6.35 6.31 6.29 6.23 '
70-ESEU 1.83 1.42 1.33 1.29 1.26 1.25 10-ESEC - 7.04 6.93 6.88 6.85 6.79 :
12-ESEU 1.74 1.43 1.33 1.29 1.27 1.25 7Z-ESEC - 7.37 7.35 7.31 7.29 7.23 .
:14-ESEU 1.70 1.45 1.35 1.30 1.27 1.26 74-ESEC - 7.80 7.73 7.68 7.66 7.67 :
16-ESEU 1.74 1.44 1.35 1.31 1.27 1.26 ]6-ESEC - 8.05 8.03 8.00 7.97 7.92
;1S-ESEU 1,71 1.45 1.35 1.31 1.27 1.26 1S-ESEC - 8.36 8.51 8.27 8,25 8.20
:20-ESEU 1.71 1.45 1,36 1.32 1.28 1.26 20-ESEC - 8.56 8.55 8.52 8,50 8.45 ;
22-ESEU 1.69 1.46 1.36 1.32 1.28 1,26 &ESEC - 8.80 8.76 8.74 8.71 8.67 \
; Z4-ESEU 1.71 1.46 1.36 1.32 1.28 1.27 %4-ESEC - 8.97 8.96 8.94 8,91 8.87
12-AREU 3.20 2.29 2.03 1.94 1.83 1.76 W2-AREC - 8.97 8.96 8.93 8.92 glgTl
24-AREU 3.17 2.31 2.03 1.91 1.79 1.73 2'/-AREC - 10.8C 11.00 11.00 11.00 10.90 j]
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TABLE 5-3-1 CONTINUED
CA-SE CHANGE IN THE MINIMUM VALUES 07' X 10 CASE C77ANGE IN THE MINIMUM VALUES OF v/v^ x 10
m m E R I/Ug=0.67/No=7.S-//// = 2.5f/H^=3.5{/H-6.0 -7/77= 72 NUMBER 77/17 = 0.47/H^  7.07/77^=2.01/H = 3.0 7/H^=4.0H/H = g.0(
6-BREU 3.92 3.25 3.04 2.94 2.83 2.75 6.BREC 10.30 10.00 9. go 9.68 9,67 9.50 1
J2-BREU 4.0g 3.57 3.29 3.79 3.09 3.01 1 7 2-BREC 72.60 12.60 72.50 12.40 12.30 12.20
IS-BREU 4.OS 3.57 3.37 3.2g 3.77 3.09 7g-BREC 13.90 14.00 13.90 13.80 13.80 13.70 ■
24-BREU 4,09 3.60 3.41 3.31 3.21 3.73 1 24-BREC 14.90 14.90 14.90 14.80 14.80 14.70
72-CREC 5.07 3.70 3.29 3.11 2.93 2.82 72-CREC - 10.40 10.60 10.50 10.50 10.50
24-CREC 5.17 3.79 3.38 3.18 2.98 2.84 ' 24-CREC - 13.00 13.00 13.00 13.00 13.00
6-VREU 6.05 4.04 3.80 3.67 3.52 3.40 6-VREC - 4.68 4.47 4.37 4.32 4.22
I2-PREU 4.93 4.00 3.68 3.54 3.47 3.42 7 2-DREC - 6.27 6.20 6.16 6.13 6.08 1
Jg-DREU 4,S3 4.05 3,76 3.61 3.44 3.41 7g-PREC - 8.29 8.21 8.17 8.14 g.09
24-DREU 4.91 4.07 3.78 3.63 3.49 3.41 24-DREC - 10.30 70.23 10.19 70.76 10.11 !
Ô-EREU 3.84 2.83 2.60 2.49 2.37 2.29 6-EREC - 5.01 4.g3 4.73 4.67 4.57 1
72-EREU 3.45 2.84 2.61 2.50 2.3g 2.30 72-EREC - 11.10 11.00 10.90 10.80 10.70 1
'1S-EREU 3.45 2.89 2.67 2.56 2.45 2.36 7 g-EREC - 8.46 8.35 8.26 8.21 8.10
'24-EREU 3.43 2.88 2.67 2.57 2.45 2.36 24-EREC - 13.10 13.10 13.10 13.00 12.90
:l g-ARTU 4.96 4.08 3.83 3.68 3.52 3.39 g-ARTC - 72.30 12.40 12.40 72.30 72.30
{72-ARTU 4.78 3.87 3.59 3.51 3.41 3.33 72-ARTC - 14.10 14.20 14.20 14.10 14.10
Ü6-ARTU 4.77 3.92 3.60 3.46 3.34 3.29 76-ARTC - 15.40 15.50 15.40 15.40 15.40
1 6-BRTU 5.70 5.28 5.16 5.10 5.05 5.00 6-BRTC - 13.90 14.00 14.00 14.00 13.90 ;•
1 g-BRTU 5.86 5.48 5.38 5.30 5.24 5.79 g-SRTC - 15.60 75.60 15.60 15.60 15.60 1
10-BRTU 5.94 5.60 5.47 5.41 5.35 5.37 70-BRTC - 16.80 76.90 16.90 16.90 76.90
72-BRTU 6.01 5.66 5.55 5.49 5.43 5.3g 72-BRTC - 17.80 77.90 17.90 17.90 7 7. go
14-BRTU 6.04 5.72 5.60 5.54 5.48 5.43 74-BRTC - 18.60 18.70 18.70 18.70 18.70
16-BRTU 6.05 5.76 5.64 5.58 5.52 s.«| 76-BRTC - 79.30 19.40 19.40 19.40 19.40
7g-BRTU 6.06 5.78 5.67 5.61 5.55 5.50 ] 7 g-BRTC - 79.90 20.00 20.00 20.00 20.00
g-CRTU 6.75 6.12 5.86 5.75 5.62 5.52 j 8-CRTC - 73.go 13.80 13.80 13.80 13.70
72-CRTU 6.88 6.18 5.94 5.81 5.6g 5.5gj 72-CRTC - 16.00 16.00 16.00 16.00 15.90
176-CRTU 6.89 6.20 5.96 5.84 5.77 5.67 ji 76-CRTC - 17.60 17.60 17.50 17.50 17.50
S-VRTU 7 7.30 8.73 7.91 7.59 7.33 7.73 g-PRTC - - 16.00 16.00 75.90 15.80 i
72-DRTU 10.40 8.19 7.73 7.52 7.27 7.73 12-VRTC - - 18.30 18.20 18.20 18.10
M6-DRTU 9.62 8,29 7.81 7.58 7.32 7.75 1 16-VRTC - - 19.90 19.80 19.8 19.70
] 6-ERTU 5.82 5.37 5.22 5.75 5.07 5.00 6-ERTC - g.05 7.97 7.92 7.88 7.81
1 S-ERTLI 5.80 5.36 5.22 5.75 5.06 5.00 g-ERTC - 75.00 15.10 15.10 15.10 15.00
70-ERTU 5.74 5.43 5.37 5.24 5.76 5. 70 70-ERTC - 10.50 10.40 10.40 10.30 10.30
■72-ERTU1 5.71 5.45 5.37 5.24 5.76 5.70 72-ERTC - 17.00 17.10 17.0 17.0 17.0
’'14-ERTU 5.70 5.46 5.35 5.28 5.27 5.75 14-ERTC - 72.0 12.0 11.90 11.90 11.80
;|7 6-ERTU 5.74 5.48 5.35 5.29 5.27 5.75 16-ERTC - 18.40 18.40 18.40 18.40 18.30
;7 S-ERTLl 5.68 5.48 5.37 5.31 5.24 5.18 7g-ERTC - 73.70 13.10 13.00 13.00 13.00
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Appendix (7) and table 5-3-1 are listed below;
(а) The variation of v/v^ with changes in 1/%^ for all the 
cases show that for small and large values of I/I^ the 
value of v/v^ is large and there always exists a unique 
minimum for v/v^. Furthermore, the function v/v^
for all the cases is convex.
(б) The effect of the configuration of the grid on the value 
of v/Vg is very small if there is no restriction in the 
choice of I/I^ and H/H^. However, for the same value 
of configuration type A [diagonal grids) for all
the boundary shape and boundary conditions has usually 
the least value of v/v^.
(c) An interesting point revealed is that for the same
configuration of the grid and H/H^ the effect of the
density, specially for uniformly distributed load, is 
rather small.
(d) For the same value of as the density of a configu­
ration increases the value of v/v^ tends to a limit.
(e) When a grid type A is under uniformly distributed loading, 
an increase in density of the configuration causes the v/v^ 
to decrease. But for all the other cases an increase
in density of the configuration causes the v/v^to increase. 
Based on all the preceding material, it may finally be 
concluded that:
The variation in the dimensions of the members and change 
in configuration of the grid have significant effect on the value 
of total weight of the grid, but density of a configuration is 
insignificant and hence for an efficient design the search for 
the most favourable configuration of the grid and values of the 
members dimensions should be included in any optimization process.
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SECTION 5-4 S U G G E S T T O M S  FOR FURTHER RESEARCH
The work presented in this thesis can be extended in 
two different fields.
Firstly, it would be interesting to extend the work on 
the study of the behaviour of grids to the types not 
considered in the present work. A wide collection of 'SUcK 
solved cases would prove helpful as a guideline for 
practical design of grids.
Secondly, it would be interesting to make an attempt 
in generalising T H E O R E M  S in such a way that the position 
of joints could be represented by feature variables and 
therefore provide a simple method of dealing with geometric 
optimization.
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